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Abstract 


We review Eg(g) exceptional field theory with a particular emphasis on the embedding 
of type IIB supergravity, which is obtained by picking the GL(5) x SL(2) invariant 
solution of the section constraint. We work out the precise decomposition of the Eg(g) 
covariant fields on the one hand and the Kaluza-Klein-like decomposition of type IIB 
supergravity on the other. Matching the symmetries, this allows us to establish the 
precise dictionary between both sets of helds. Finally, we establish on-shell equivalence. 
In particular, we show how the self-duality constraint for the four-form potential in type 
IIB is reconstructed from the duality relations in the off-shell formulation of the Eg(g) 
exceptional field theory. 
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1 Introduction 


One of the most intriguing aspects of maximal supergravity is the emergence of exceptional sym¬ 
metry groups upon compactification on tori [1], For instance, compactifying 11-dimensional or 
type II supergravity to -D = 5 one obtains a rigid (continuous) Eg(g) symmetry [2], Although 
these symmetries are understood as the supergravity manifestations of the (discrete) U-dualities 
of string-/M-theory [3], from the point of view of conventional Riemannian geometry they are 
deeply mysterious. In fact, except for certain ‘geometric subgroups’, the exceptional groups 
cannot be understood from the symmetries present in the conventional formulation of super¬ 
gravity, although there is a reformulation of D = 11 supergravity due to de Wit and Nicolai 
in which the compact subgroup SU(8) '^ 7 ( 7 ) is manifest [4], Over the decades this has 

led to various proposals of how to extend or embed the higher-dimensional theories in a way 
that explains the emergence of exceptional symmetries [5-11], but the complete formulation 
of such a theory, in the following called ‘exceptional field theory’, was only found quite re¬ 
cently [12-15], using insights from ‘double field theory’ [16-21], subsequent generalizations to 
U-duality groups [22-25], and extended geometry [26-29], an extension of the ‘generalized ge¬ 
ometry’ of [30, 31] to the case of exceptional duality groups. Here we will review the Eg(g) 
exceptional field theory with a particular emphasis on the explicit embedding of type IIB su¬ 
pergravity. The exceptional field theories in higher dimensions have been constructed in [32-34] 
and the supersymmetric completions have been given in [35,36]. 

The formulation of exceptional field theory (EFT) is based on an extended spacetime that 
‘geometrizes’ the exceptional U-duality group. Specifically, in the Eg(g) EFT all fields depend 
on 5 -I- 27 coordinates {x^,Y^), where fi,iy = 0,...,4, while lower and upper indices M ,N = 
1, ... ,27 label the (inequivalent) fundamental representations 27 and 27 of Eg(g), respectively. 
All functions on this extended space are subject to a covariant ‘section constraint’ or ‘strong 
constraint’ that implies that locally the fields only live on a ‘physical slice’ of the extended 
space. In the present case this constraint can be written in terms of the invariant symmetric 
d-symbol that Eg(g) admits as 

d^^^dNdxA = 0 , d^^^dNAdKB = 0 , ( 1 . 1 ) 

for arbitrary functions A, B on the extended space. In particular, this constraint holds for all 
fields and gauge parameters. It was shown in [12] that this constraint allows for (at least) two 
inequivalent solutions, in analogy to the type II double field theory [37,38]. First, breaking Eg(g) 
to GL(6) the constraint is solved by fields depending on 6 internal coordinates, and we recover 
the spacetime of 11-dimensional supergravity. Second, breaking Eg(g) to GL(5) x SL(2) the 
constraint is solved by fields depending on 5 internal coordinates, and we recover the spacetime 
of type IIB supergravity. Indeed, upon picking one of these solutions one obtains a theory 
with the field content and symmetries oi D = 11 or type IIB supergravity, respectively, but 
in a non-standard formulation. These formulations are obtained from the standard ones by 
splitting the coordinates and tensor fields a la Kaluza-Klein, however, without truncating the 
coordinate dependence, as pioneered by de Wit and Nicolai [4]. The full embedding oi D = 11 
supergravity into EFT has been given in detail in [12]. In this article we provide all the details 
for the embedding of the type IIB theory. 
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In order to illustrate this formulation, an instructive analogy is the ADM formulation of, say, 
four-dimensional gravity, in which one singles out a ‘time direction’, i.e., performs a 1 -I- 3 split, 
and realizes spacetime as a one-dimensional foliation of three-geometries. One can similarly 
view the generalized spacetime of the Eg(g) EFT as a five-dimensional foliation of a (generalized 
and extended) 27-dimensional geometry. However, an important difference is that the total 32- 
dimensional space cannot be viewed as a conventional manifold, because the gauge symmetries 
of EFT are governed by generalized external and internal diffeomorphisms satisfying an algebra 
that differs from the standard diffeomorphism algebra. Although the total space does not 
have a conventional geometrical interpretation, for the physical slices corresponding to the 
D = 11 or type IIB solutions of the section constraint, describing inequivalent subspaces of 
the extended space, the generalized diffeomorphisms of EFT reduce to conventional 10 or 11- 
dimensional diffeomorphisms plus tensor gauge transformations, thereby reconstructing the 
physical spacetimes in terms of five-dimensional foliations. 

Concretely, the Eg(g) EFT has the following field content, with all fields depending on the 
5-1-27 coordinates (rc^,y^), 

QfjLV 1 d^MN 1 ■ (1’^) 

Here is the external, five-dimensional metric, Mmn is the generalized internal metric, while 
the tensor fields Ai_i^ and Bf^yM describe off-diagonal field components that encode, in par¬ 
ticular, the interconnection between the external and internal generalized geometries. Upon 
breaking the Eg(g) covariance by solving the section constraint, imposing that all fields depend 
only on a particular subset of the internal coordinates , one can decompose the above fields 
in terms of their components. Modulo field redefinitions, these can then be interpreted as ten¬ 
sor fields with conventional gauge transformations. In this regime, and truneated to the purely 
‘internal’ fields encoded in Mmn, this formulation can be thought of as implementing what 
is sometimes referred to as extended or exceptional generalized geometry, which formally com¬ 
bines conventional tensors of different types into larger objects viewed as sections of extended 
tangent bundles [26,27]. For each solution of the section constraint we may thus reinterpret 
EFT as realizing a generalized geometry (enlarged, however, by including all ‘external’ and 
‘off-diagonal’ fields in (1.2) and dependence on external coordinates x^), without additional 
unphysical coordinates. Why, then, do we insist on introducing seemingly unphysical coordi¬ 
nates, together with a constraint that eliminates most of them, as opposed to simply picking a 
solution from the start? Let us summarize several reasons why it is beneficial to work on such 
an extended space. 

• The theory is manifestly covariant provided it is written with the extended deriva¬ 

tives dM properly transforming in the fundamental representation. For instance, the fields 
couple to the derivatives as in Thus, only this framework makes manifest the 

emergence of the symmetry upon toroidal reduction by simply setting Bm = 0. 

• By defining EFT on the extended space we simultaneously cover D = 11 supergravity and 
type IIB supergravity (and all of their Kaluza-Klein descendants). These are obtained by 
putting different solutions of the section constraint, which then determines, for instance, 
which field components in A^J^Bm survive for which set of coordinates. In this way it is 
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possible to describe in one single framework D = 11 and type IIB supergravity, which are 
inequivalent theories and so would correspond to two different generalized geometries. 

• Although the coordinates beyond those of supergravity are unphysical, at least in the 
currently understood formulation due to the strong form of the section constraint, in the 
full string theory they are actually physical and real. More precisely, at least for the 
T-duality subgroup 0(d — l,d — 1) a we known from closed string field theory on 
toroidal backgrounds that the string field depends on momentum and winding coordinates, 
subject to the level-matching constraint that allows for a simultaneous dependence on all 
coordinates. It is thus unavoidable that eventually we come to terms with such extended 
spaces, and so it appears highly significant that much of this extended geometry is already 
visible at the level of the presently known EFT that essentially encodes supergravity. 

Other than of conceptional interest, the manifestly covariant formulation of EFT has proven 
a rather powerful tool in order to describe consistent truncations of the standard supergravi¬ 
ties, in particular for sphere and hyperboloid compactifications in terms of generalized Scherk- 
Schwarz reductions [39], see [25,40-48] for earlier related work. This is remarkable, for although 
in these backgrounds there is no longer a physical llldid) symmetry, the corresponding compact¬ 
ifications can be encoded very efficiently in terms of E^(^)-valued twist matrices. The twist 
matrices take a universal form that is applicable to both solutions of the section constraint, so 
that, for instance, one covers in one stroke the sphere compactifications of D = 11 supergravity, 
such as AdS 4 x [49] and AdSy x [50], the AdSs x S® compactification of type IIB, together 
with all their non-compact cousins, predicted in [51]. In terms of the conventional formulation, 
this consistency requires a number of seemingly miraculous identities, suggesting the presence 
of an underlying larger structure — the extended geometry of EFT. Combining the expressions 
for the E 6 ( 6 )-valued twist matrices together with the explicit dictionary of the type IIB em¬ 
bedding into E 6 (e) EFT that we provide in this paper, allows to straightforwardly derive the 
non-linear reduction formulas for the full set of IIB fields on the sphere and hyperboloid 
backgrounds. We give that result in [52]. 

This review article is organized as follows. In sec. 2 we briefly review the manifestly E 0 ( 0 ) 
covariant formulation, introducing generalized diffeomorphisms and the tensor hierarchy gov¬ 
erning one- and two-forms. This construction is completely rigid in that the theory is uniquely 
determined by invariance under the bosonic gauge symmetries, i.e., internal and external gen¬ 
eralized diffeomorphisms. In particular, nowhere is it necessary to refer to 11-dimensional or 
type IIB supergravity. The latter only emerge upon choosing a solution of the section con¬ 
straint. In [13] it was shown in detail how D = 11 supergravity, in a 5 -I- 6 split of coordinates 
and tensor fields, is embedded in the E 0 ( 0 ) EFT. For the IIB theory, one can argue on general 
grounds that its embedding into EFT is guaranteed by the match of symmetries. In fact, it 
is easy to see that EFT yields the same field content as type IIB in the 5-1-5 splitting, and 
we will show explicitly in sec. 3 that the EFT gauge algebra contains the full 10-dimensional 
diffeomorphism algebra. Together with the fact that both theories can be supersymmetrized 
and reduce to the same 5-dimensional theory, it follows that EFT reduces to type IIB for the 
appropriate solution of the section constraint. To be very explicit, in this article we work out 
the precise embedding formulas for IIB into EFT. To this end, we perform the Kaluza-Klein 
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decomposition of type IIB without truncation in sec. 4 and then establish the full dictionary 
with EFT in sec. 5. In particular, we will show how the duality constraints in EFT allow one to 
reconstruct the 3- and 4-forms that are not among the fundamental fields of EFT but of course 
are present in type IIB. Finally, we review the generalized Scherk-Schwarz compactifications 
in sec. 6, which reduces the consistent embedding of five-dimensional gauged supergravities 
into EFT to a set of consistency equations for the Eg(g)-valued twist matrices that capture the 
dependence on the internal coordinates. By means of the explicit dictionary between EFT and 
IIB and D = 11 supergravity, respectively, this gives rise to the full reduction ansaetze for the 
consistent embedding into standard higher-dimensional supergravity. 


Summary of conventions and notation 

The EFT fields are denoted by calligraphic letters, as in (1.2). We keep the same letters for 
these fields after decomposing the Eg(g) indices down to GL(5) x SL(2) in accordance with the 
IIB solution of the section constraint (1.1). The two-forms require further redefinition which 
will be denoted by 

The original type IIB fields and space-time indices in D = 10 on the other hand are indicated 
by hats, and the forms are called C: 


G 




c, 


fii/pa •> 


etc. 


(1.3) 


Upon Kaluza-Klein decomposition of the IIB fields, the new variables obtained by a standard 
procedure of flattening and unflattening of indices are denoted by a bar. The presence of 
Chern-Simons terms in the IIB field strengths requires yet another redefinition to bring the 
gauge structure into canonical form, which we denote without any hat. Thus we have the series 
of field redefinitions 

C ^ C ^ C . (1.4) 

These fields will eventually be identified with the various components of the EFT fields. 

In section 6, we describe Scherk-Schwarz reduction of EFT, parametrizing all EFT fields in 
terms of T-dependent Eg(g)-valued twist matrices and the corresponding x-dependent fields of 
five-dimensional supergravity, which we denote by straight letters; 


gi,u{x,Y) g/,!/(x) , Mmn{x,Y) Mmn{x) , 
Ai,^{x,Y) -y A^^{x), B^um{x,Y) B^yM{x) . 


(1.5) 


2 Review of E 0 ( 0 ) Exceptional Field Theory 

Here we present a brief review of the Eg(g) EFT, starting with the generalized Lie derivatives and 
their gauge algebra (the ‘E-bracket’), which govern the internal (generalized) diffeomorphisms. 
We then introduce the tensor hierarchy and define the full gauge transformations, including 
generalized external diffeomorphisms, in order to construct the complete theory. 
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2.1 Generalized diffeomorphisms and tensor hierarchy 


We start by collecting the relevant facts about Eg( 0 ). Its dimension is 78 and we denote the 
generators by ton with Cartan-Killing form Ka/ 3 - As recalled in the introduction, Eg(g) admits 
two inequivalent fundamental representations of dimension 27, denoted by 27 and 27 and 
labelled by indices M, N = 1,, 27. In these fundamental representations, there are two cubic 
Eg(g)-invariant tensors, the fully symmetric d-symbols and cImnK} which we normalize as 

dMPqd^^^ = ■ The d-symbols define the manifestly Eg(g) covariant section constraint [28] 


^MNK = Q ^ 

and also satisfy the following cubic identities 

ds{MN dpQ)T d^'^^ 
dsTRd^^^^ d^Q^^ 


d^^^dNAdKB = 

2 r Rj 

— (^npq) ) 

= Ld^iMdNPQ)^ 

15 


0 , 


( 2 . 1 ) 


( 2 . 2 ) 


In order to define the generalized Lie derivatives below we need the projector onto the 
adjoint representation in the tensor product 27 0 27 = 78 -I- • • •, which reads 

= (to.)N-‘(nP - L + 1 - I . (2.3) 

18 D d 

With respect to a vector like parameter one would naively define the Lie derivative as in 
standard geometry, acting on, say, a vector as 

= A^BkV^ - BkA^V^ . (2.4) 

The problem with applying this definition to EET is that some fields are subject to further 
constraints, for instance the generalized metric A4mn is an Eg(g)-valued matrix, and this con¬ 
dition is not preserved under (2.4). This is fixed by simply projecting the tensor BkA^ living 
in 27 0 27 onto the adjoint by means of the projector (2.3). Gauge transformations w.r.t. the 
internal diffeomorphism parameter A^ for a vector with upper or lower indices in terms of the 
generalized Lie derivative, denoted by La in the following, are thus defined as [28] 

5V^ = = A^BkV^-GF^n^lBrA^V^ + XdpA^V^ , 

5Wm = LaITm = A^BrWm + GF^m^l BrA^ Wr + A' BpA^ Wm ■ (2.5) 

Here we also included a density term proportional to XBpA^. The generalized Lie derivatives 
are consistent for arbitrary density weights A, and indeed in formulating EET it is crucial to 
assign particular non-trivial weights to the fields. Writing out the projector (2.3), the gauge 
transformations are given by 

6 aV^ = A^BrV^ -BrA^V^ + (^X-^'^BpA^V^ + lOdNLRd^^^BRA^V^ , 

SaWm = A^BrWm + BmA^Wr + (a + ^) BpA^ Wm - 10 dupR d^^^BRA^WN.{2.G) 

The generalized Lie derivatives can similarly be defined for Eg(g) tensors with an arbitrary 
number of upper and lower fundamental indices. In particular, the gauge transformations for 
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the generalized metric take the form = ^A-Mmn, with the generalized Lie derivative 

for density weight A = 0. In this form the condition A4 £ Eg( 0 ) is indeed preserved. 

Given the modified form of generalized Lie derivatives, as opposed to the conventional 
Lie derivatives, it is no longer clear that they are consistent, in particular that they satisfy 
an algebra, i.e., that they lead to gauge transformations that close. Closure can, however, be 
established, but here it is crucial to employ the section constraint (2.1). An explicit computation 
then shows that the generalized Lie derivatives close according to 

[LAijILAj] = E|-yV^,A2]B ’ 

with the ‘E-bracket’ 

[Ai,A 2 ]^ = 2 A^dA:A^ — A^^atA^] . ( 2 . 8 ) 

The first term in here has the same form as the standard Lie bracket governing the algebra of 
standard diffeomorphisms. The second term explicitly involves the Eg(g) structure in form of 
the d-symbols. Thus, the gauge algebra on this space differs from the diffeomorphism algebra. 
In particular, the Lie derivative of a generalized vector w.r.t. another generalized vector (both 
of weights ^) does not coincide with their E-bracket. More precisely, the antisymmetric part 
coincides with the E-bracket, but there is a non-trivial symmetric part, given by 

(LylT + LwE)" = 10 d^^^dpQKdN(V^W^) . (2.9) 

Moreover, the E-bracket does not define a Lie algebra in that the Jacobi identity is not satisfied. 
The non-trivial ‘Jacobiator’ as well as the ‘anomalous’ symmetric part in (2.9) are, however, 
of the form A^ = d^^^d^XK, for some explicit function X: one can verify that due to 

the section constraint the Lie derivative vanishes for this parameter. Hence, the Jacobi identity 
does hold acting on fields satisfying the strong constraint (see [53] for more details), but the 
non-vanishing Jacobiator has important consequences, upon taking into account the external 
coordinate dependence. 

So far we have defined the generalized internal diffeomorphisms by generalized Lie deriva¬ 
tives. We will refer to a tensor structure as transforming ‘covariantly’ iff its transformation is 
governed by the generalized Lie derivative (of some weight) and call such objects generalized 
tensors. Since all fields are functions of internal and external coordinates and x^, respec¬ 
tively, we now need to set up a calculus that allows us to differentiate w.r.t. x^. Indeed, as 
all fields and parameters in the full theory, = A^{x,Y) depends on the external x^ and 
therefore the derivative of any tensor field is not covariant in the above sense. In order to 
remedy this we introduce a gauge connection , of which we can think as taking values in 
the ‘E-bracket algebra’, and define the covariant derivatives 

^ d^- La, . ( 2 . 10 ) 

The covariant derivative of any generalized tensor then transforms covariantly provided the 
gauge vector transforms as SaA/m^ = D^A^, where the gauge parameter A^ carries weight 
Aa = 5 - Next, we would like to define a field strength for A^^. Naively, one would write 
the standard formula for the field strength or curvature of a gauge connection, but with the 
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Lie bracket replaced by the E-bracket (2.8). However, since the E-bracket does not satisfy the 
Jacobi identity the resulting object does not transform covariantly and also does not satisfy 
a Bianchi identity. Since the failure of the E-bracket to satisfy the Jacobi identity is of the 
form BnXk we can repair this by introducing two-forms with appropriate gauge 

transformations and adding the term BkB^^n to the field strength. This defines (the 

beginning of) the so-called tensor hierarchy, originally introduced in gauged supergravity [54,55]. 
Using (2.8) we thus obtain the field strength 

= 2 - 2 + 10 d^^^dNLR A^^^ BkA^]^ 

+ Wd^^^ dKB^^yN . (2.11) 


This tensor transforms covariantly under the appropriate gauge transformations of A and B 
given in (2.15) below. The presence of the 2-form in (2.11) also ensures that this field strength 
satisfies a modified covariant Bianchi identity 

= 10 d^^^ dKUpypN , (2.12) 


giving rise to the 3-form curvature of the 2-form. The 3-form field strength FpupM is defined 
by this equation as 


T-LpypM = 3 D[pByp^ M - 3 dMKL A[p^ dyAp\^ + 2 dMKL A[p^Ay^dpAp^^ 

— 10 dMKid^^^dpNQ A^p^Ay^ dpAp^^ + • • • , (2-13) 

where B carries weight Ag = |, up to terms that vanish under the projection with d^^^dx- 
Now in turn we can establish a Bianchi identity for T-L, which reads 


^D^pHypa-^M = -^dMpqF^py^Fp^^^ + ... , (2-14) 


again up to terms annihilated by the projection with d^^^dx- 

We close this section by collecting the complete bosonic gauge transformations. The external 
and internal metric Qpy and Mmn transform under internal generalized diffeomorphisms as a 
scalar density of weight | and a symmetric 2-tensor of weight zero, respectively. Recalling that 
A carries weight A = ^ and noting that B carries weight A = |, the gauge transformations then 
read 


SAp^ = DpA^ -10 d^^^dxEpN , 

ABpyM = 2Zl[^Sj,] M + BmKlA^ Fpy^ + OpyM , 


where we defined 


(2.15) 


ABpyN = SBpyN + dNKiA^p^ 5Ay]^ . (2-16) 

Here we also specified the gauge transformations under the new parameter of weight | 
associated to the 2-form, and we note that the gauge transformations are so far only determined 
up to yet unspecified terms OpyM satisfying 

d^^^dxOpyN = 0. 


(2.17) 



This corresponds to the gauge redundancy of the next form in the tensor hierarchy, but it turns 
out that this ambiguity drops out of all terms in the action and equations of motion. 

We finally give the form of the external diffeomorphisms of the x^, which are generated by 
a parameter T), 






D 




S^Mmn = D^^Mmn , 

^-AdjUAT • (2-18) 

Let us note that they take the same form as standard diffeomorphisms generated by conventional 
Lie derivatives, except that all partial derivatives are replaced by gauge covariant derivatives. 
Moreover, in there is an additional Af-dependent term and in the naively covariant 

form i^T-Lnup has been replaced according to a duality relation to be discussed momentarily. We 
will discuss these external diffeomorphisms, in particular their gauge algebra, in more detail in 
sec. 2.4 below. 


2.2 E6(6) covariant dynamics 

Let us now define the dynamics of the Eg(g) EFT by giving the unique action principle on the 
extended space, which decomposes into the five terms 

5eft = 5'eh + Ssc + Syt + Stop - V ■ (2-19) 

The first term formally takes the same form as the standard Einstein-Hilbert term, 

Seh = jd^xcf^YeR = j d^x d^'^Y eea'"eb''iipu'^\ (2.20) 

except that in the definition of the Riemann tensor all partial derivatives are replaced by 
Ap covariant derivatives and one adds an additional term to make it properly local Lorentz 
invariant, ■ The second term is the ‘scalar-kinetic’ term 

defined by 

Tsc = Y4^eg^^'^ D^MmnD.M^^ , (2.21) 

with e = ■\/\^- The third term in (2.19) is the kinetic term for the gauge-vectors, written in 
terms of the gauge covariant curvature (2.11), 

Tvt = Mmn ■ (2.22) 

The fourth term is a Chern-Simons-type topological term, which is only gauge invariant up to 
boundary terms. It is most conveniently defined by writing it as a manifestly gauge invari¬ 
ant action in one higher dimension, where it reduces to a total derivative, reducing it to the 
boundary integral in one dimension lower. Using form notation it reads 

5'top = J d^x d^'^Y Aop 

= iVTO f r ^jrN^jrK_ 4QdMNKy^^ ^ BnUr) ■ (2.23) 

J JMe 
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Under a general variation of A and B the topological Lagrangian varies as 

SCtop = I Vio (^duNK + f d^^^ dNUpup M ^B„r k) • (2.24) 

The hnal term in the action is the ‘scalar potential’ that involves only internal derivatives Bm 
and reads 

V = — BnMkl + BmM^^BlMnk 

(2.25) 

“ 2 ^ — -M^^g ^Bm 99 ^BNg — BMg^^B^g^v ■ 

Its form is uniquely determined by the internal generalized diffeomorphism invariance (up to 
the relative coefficient between the last two terms in the second line that is, however, universal 
for all EFTs). 

The field equations of the Eg(g) EFT follow by varying (2.19) naively w.r.t. all helds. For 
now we focus on the field equations for the two-form only, because they will be signihcant below. 
The 2-form Bp^M does not enter with a kinetic term, but appears inside the Yang-Mills-type 
kinetic term, c.f. the dehnition (2.11), and the topological term (2.23). Therefore, its field 
equations are first order and read 

^mnkb^(^MnlBF^''^ + = 0. (2.26) 

These equations take the same form as the standard duality relations in five dimensions between 
vectors and two-forms. However, here they appear only under a differential operator, which 
thus leads to different sets of duality relations for different solutions of the section constraint. 

2.3 Fermions and Supersymmetry 

The bosonic sector of exceptional field theory is uniquely determined upon imposing invariance 
under generalized diffeomorphisms in the internal and external space-time. Supersymmetry has 
not been imposed in order to determine the interactions; however, as expected the bosonic action 
(2.19) can be embedded into a supersymmetric theory [36]. The fermions of the theory are those 
of the maximal five-dimensional theory [2], however, living now on the full (5 -I- 27)-dimensional 
space-time (subject to the section constraint). In particular, they are SO(l,4) symplectic 
Majorana spinors spinors and we refer to [56] for our spinor conventions.^ With respect to the 
R-symmetry group (or generalized internal Lorentz group) USp(8), the fermion fields fall into 
irreducible representations with the gravitino fields transforming in the fundamental 8, and 
the spin-^ fermions transforming in the totally anti-symmetric, H-traceless 42 

^ijk ^ ^ ^ijk _ 1 ^ (2.27) 

where = Upj] denotes the symplectic invariant tensor. Here and in the following we use 
the notation of double brackets |...]] to denote the projection of an USp(8) tensor onto the H- 
traceless part. With respect to generalized internal diffeomorphisms (2.5) the fermionic fields 
transform as weighted scalars of weight = |, |. 

^Just for the conventions for the Levi-Civita density we follow [13,36], with the two conventions related by 

. Accordingly, y-matrices satisfy . 
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Coupling of the fermions requires the introduction of frame fields underlying the external 
and internal metric, 

Qiiu = &n°'ej’'i^ab , Mmn = , (2.28) 

with the fiinfbein e^“, and the pseudo-real 27-bein 

, (2.29) 

satisfying • The inverse 27-bein is defined as 

= 5m^ , (2.30) 

with conventions = ^{Sl.5j — SlSj.) and = Sj . The 27-bein is an Eg( 6 ) group-valued 

matrix, which is encoded in the structure of its infinitesimal variation, 

6 Vm^^ = -2 Vm ki , (2-31) 

with 5qi^ and spanning the 36 and 42 of USp( 8 ), respectively, i.e. 

5q,^ = -5qi^n,kn^^ , 5p^^^^ = , (2.32) 

and corresponding to the compact and non-compact generators of 65 ( 6 ), respectively. 

The full SO(l,4) x USp( 8 ) covariant derivatives are then defined as 

V'* - Qbi V’* , 

T’mV'* = - Qm, (2.33) 

with spin connections oj, Q defined in terms of the bosonic frame fields and the Lie derivative L 
taking care of the weight of V'* under generalized diffeomorphisms. From the spin connections 
the Christoffel connections Tmtv^, can be dehned by the generalized vielbein postulates 

0 = = = + , (2.34) 

0 = VmVn^^ = - Tmn^ + 2 , 


declaring covariant constancy of the frame fields. In turn, the spin connections are defined by 
properly generalized vanishing torsion conditions. For the SO(l, 4) connection 0 ;^“^ the absence 
of torsion takes the familiar form 

= 0 = 0> (2.35) 


describing a deformation of Riemannian geometry by the fact that the derivative is co- 
variantized w.r.t. internal generalized diffeomorphisms (2.10), under which the fiinfbein 
transforms as a weighted scalar. For the internal sector on the other hand, vanishing torsion 
translates into the projection condition [28] 


K 


MN 


351 


= 0 


(2.36) 
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for the generalized Christoffel connection, decomposed into irreducible Eg( 0 ) representations. 
More precisely, by its definition (2.34) the Christoffel connection Tmn^ is algebra valued in its 
last two indices 

Tmn^ = , Tm"- 27 0 78 = 27 ©351 ©1728, (2.37) 

and (2.36) indicates that T only has non-vanishing components in the 27© 1728 . Explicitly, 
parametrizing the USp( 8 ) connection as 

Qm/ = Qm/ qkl,jm , (2.38) 

with qki,ij = qikil,(ij), equations (2.36) translate into 

qkl,mn ~ Pm klp{m'^n)q ^ {p M pqk{m ^n)l PMpql{m^n)k) 

+ ^ iy’k{m^^n)l - '^l{m^^n)k) + Ukl,mn , (2.39) 

with 

qMi^ = -^Vik^, (2.40) 

and UfcZ.mn satisfying 

Ukljm ~ ^[fcZ],(jm) ) ^[ZcZ,m]n “ b ; Ukljm^^ ~ 0 i (2'4:1) 

dropping out from equations (2.36). Vanishing torsion thus determines the USp( 8 ) connec¬ 
tion (and thereby the Christoffel connection) up to a block Uki^mn transforming in the 594 of 
USp( 8 ), which drops out of all field equations and supersymmetry variations [28,29,36,57]. The 
Christoffel connection gives rise to covariant derivatives 

mXm = SmXn — Xk — - Xx^KM^X m , (2.42) 

where Ax denotes the weight of Vx under generalized diffeomorphisms, and the trace part in 
the Christoffel connection is fixed by demanding 

Vjue = 0 Txm'^ = -=e~^ c^Me . (2.43) 

5 


The remaining connections in (2.33) finally are determined by demanding that the 0l(5) © 
Cg(6) algebra-valued currents 

= e^^V[uj]Me^,\ Jpki'^ ^ Vki^V[A,Q]^VM'\ (2.44) 

of the frame fields live in the complement of the Lorentz algebra so(l,4) ©usp(8), specifically 


Jm 


They give the explicit form 


ab 


so(l,4) 


b 1 kl 




U3p(8) 


1 , 


= 0 . 




(2.45) 


(2.46) 
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of the respective spin connections and give rise to the definition of the coset currents 

^ . (2.47) 

Moreover, it turns out that the Lagrangian and supersymmetry transformation rules are con¬ 
veniently given in terms of the modified internal spin connections 

^ (2.48) 

shifted by the non-abelian field strength (2.11), and we denote the corresponding covariant 
derivatives by T>- . 

The different curvatures of these spin connections are the building blocks for the bosonic 
Lagrangian and field equations [25,29,36], once projected onto the components such that the 
undetermined part (2.41) drops out. Some of the relevant curvatures are obtained from the 
commutators 

+ {VN^’^Vik^ - VNikV^^^) - I e' . 

[V-^, V,] i ^ Tab 6^' , (2.49) 

[Vm, Vw] e^' + 6 }^ V(MV^)e^' 

= Vfc/ 7^Miv“' lab 

4 Id 

Explicitly, the curvature tensors read 


ah 

— 2 -|- 2 ^u]c' + ^uu^ , 


7?- aft 

= Sm , 


'Tj ab 

/<-mn 


(2.50) 


of which the first two enter the Einstein and the vector field equations, respectively. The 
curvature scalar TZ is related to the scalar potential from (2.25) as 

n = V + ^M^^VM9iau^Ng^’^ + , (2.51) 

up to boundary terms VmI^ ■ 

The full supersymmetric extension of the bosonic action (2.19) can be given in very compact 
form in terms of the above spin connections. It reads 

e~^C = Tbos - + 2V2z (q'V.') 

+ + 4v/2 ^ Xijkrv-M'^il^ , (2.52) 
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up to quartic fermion terms. The latter are expected to coincide with the quartic terms of the 
D = 5 theory [2], The Lagrangian (2.52) is invariant up to total derivatives under the following 
set of supersymmetry transformation rules 

= I ^ ^ , (2.53) 

for the fermionic fields, and 

5eA^^ = V2 (^i '^ij^ , 

^eB^uM = + , (2.54) 

for the bosonic fields. Equations (2.53) depict the Killing spinor equations of the theory. It 
is remarkable, that in the supersymmetry transformation rules all explicit appearance of the 
field strength can be entirely absorbed into the shifted spin connection cu” form (2.48) 

whereas the Lagrangian (2.52) carries both oj^ and oj~ . 

2.4 Algebra of external and internal generalized diffeomorphisms 

The algebra of internal generalized diffeomorphisms is governed by the E-bracket and has 
been discussed extensively in the literature. The algebra of the external diffeomorphisms, 
which acts in a more subtle way due to the field-dependent modifications in (2.18) compared 
to standard diffeomorphisms, has been determined in [32] (for the SL(3) x SL(2) EET, but 
the results generalize immediately). Here we use the opportunity to complete the literature 
by discussing the off-diagonal part of the total gauge algebra, i.e., the algebra of external 
and internal generalized diffeomorphisms. This will be important below, when we show that, 
upon solving the section constraint, the internal and external conventional diffeomorphisms 
indeed close according to the 10- or 11-dimensional diffeomorphism algebra, implying the full 
diffeomorphism invariance of the resulting super gravities. 

For simplicity, let us first consider a pure Eg(g) tensor T (whose indices we suppress) that is 
an external scalar, i.e., does not carry external indices //, jz, ... (an example is the generalized 
metric Mmn)- We then compute for the gauge algebra 

[(5a,<5«]T = 5A{eD^T) - 5^{1 .aT) 

= -l.^{eD^T) (2.55) 

= -La^^D^T. 

Here we used in the second line that the covariant derivative transforms covariantly. Moreover, 
recall that the gauge parameter is not to be varied in the gauge algebra. Thus, we have 
closure 

[5a, <5^ = 5^. , e = (2.56) 
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which defines the effective (A-transformed) parameter. Next, we inspect the (external) 
vielbein e^“, which is slightly more involved because it carries a vector index. With (2.18) we 
compute 


[5a, <5^6/ = 5A(ri?.e/ + Il^re/)-5c(LAe/) 

= 5A(r^.e^“ + Zl^re.“) - LA(ri?.e^“ + 

= - LaC - A'^Zl^(d^C")e.“ 

= -La^ - D^[k^dNneu^ 


(2.57) 


Here we used again, in the third line, the covariance of the covariant derivative, due to which 
various terms cancelled and that is a scalar with respect to internal diffeomorphisms. We 
thus established closure according to the same parameter as in (2.56). 

Let us now turn to the gauge vector , whose transformation in (2.18) is Al-dependent. 
In order to simplify the discussion, we first consider the minimal variation without this term. 


SlA^ 


M 


'p M 


(2.58) 


Although this transformation rule is insufficient for the complete gauge invariance of EFT, it 
does lead to a consistent gauge algebra, as we discuss now. In order to prove closure of the 
gauge algebra we have to compute 

(2.59) 

For the second term we find 


L^o^^A" = , ( 2 . 60 ) 

which follows by writing out the Lie derivative and collecting the terms where the derivative 
Bm hits the gauge parameter The second term in here is the required transformation, so 
that we have shown 


[5a, Sl]Af,^ = 5l,A^^ + ^"(La^.m'^ + A") + 10 dNiR . (2.61) 

The second term in here is the symmetrized Lie derivative that in turn is ‘trivial’ and given by 
(2.9), 

+ = 10 dLNR . (2.62) 

Inserting this in (2.61) above, we finally obtain 

[5a, 5^°]^^"^ = Sl,Af,^ + 10dNLRd^^^^K{ey^u^^^^^) ■ (2.63) 

Comparing with the general gauge transformations of A^^ in (2.15) we infer that the additional 
term on the right-hand side can be interpreted as a field-dependent gauge transformation for 
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the one-form parameter corresponding to the two-form potential in the hierarchy. We thus 
established closure according to 

= {Si, + = -dNKL^’':Fuf.^A^ . (2.64) 


We see once more that the higher forms of the tensor hierarchy and their associated gauge 
symmetries are essential for the consistency of EFT. 

Let us now return to the full gauge transformations of Afj,^ w.r.t. including the extra 
term that we denote in the following by S'^An^ = ■ We collect the additional 

contributions in the gauge algebra and find 


= • • • -I- g^u)dNi'' + ’ 

where the dots indicate the terms already computed in the previous paragraph, 
term on the right-hand side can be written as 


(2.65) 
The second 


= -l^K{M^^g^udNn + '^^d^^^dpLRdK{M^^g^udQeK^) , ( 2 . 66 ) 

where we used again the identity (2.9). Using this in (2.65) we obtain 

[SK,Si]A^,^ = g^ul.K{dNn + '^^d^^^dpLRdK{M^^g^,,dQeK^) . (2.67) 


Recalling that is a scalar, LA(dAr.^'^) = dAr(LAC‘^) and so the hrst term becomes the 
transformation defined in (2.56). The second term can be interpreted as an additional field- 
dependent contribution to the effective one-form parameter S'. Thus, in total we learned 


— S^, + 5=' ) 


( 2 . 68 ) 


where 

7 = -dMNKiC+ M^^g^ydpOA^ . (2.69) 

We leave it as an exercise for the reader to verify closure on the two-form, which can only be 
established up to unknown terms corresponding to the gauge symmetry of the three-form. 

For completeness we record here that the algebra of external generalized diffeomorphisms 
is given by 

[%>%] = %2 +'^Ai2 “I-> (2.70) 

with effective parameters 


ei2 = Csip.cf - , 

^12 = 


(2.71) 


The dots in (2.70) indicate possible gauge transformations corresponding to higher forms en¬ 
tering the tensor hierarchy, see [32] for more details. 
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3 Type IIB solution and embedding of diffeomorphisms 


In this section we will show, for the type IIB solution of the section constraint, how the fields 
and symmetries of EFT are related to those of the standard formulation of supergravity in 
which ten-dimensional diffeomorphism invariance is manifest.^ To this end we show in the first 
subsection how, upon solving the section constraint, the standard diffeomorphism algebra is 
generically embedded in the gauge algebra of EFT (in particular the E-bracket), illustrating 
this with a simple toy model. In the second and third subsection we turn to the specific solution 
of the section constraint for type IIB and show how the coordinates and tensor fields decompose. 
In the final subsection we return to the external diffeomorphisms of EFT and supergravity (that, 
we recall, are not manifest symmetries), which in the following section will be shown to match 
precisely, thereby proving that EFT leads to a 10-dimensional theory with full diffeomorphism 
invariance. 


3.1 Embedding of standard diffeomorphisms into E-bracket algebra 


We now discuss how to embed the standard diffeomorphisms into the E-bracket algebra of EFT. 
More precisely, we will show that the external and internal diffeomorphisms in EFT close in the 
same way as those of a D = 10 gravity theory, implying that there is a ‘hidden’ 10 -dimensional 
diffeomorphism symmetry in EFT upon choosing a D = 10 solution of the section constraint. 


Before focusing on type IIB supergravity, let us start from a generic theory of Einstein 
gravity, coupled to some matter, and inspect the action of the diffeomorphism group under a 
Kaluza-Klein-type decomposition. To this end we split the ten-dimensional world and tangent 
space indices, here and in the following indicated by a hat, according io fi = (//, m) and 
a = (a, a), respectively, where fj, = 0,... n — 1, and m = 1,... ,d, with n -I- d = 10, and similarly 
for the flat indices. Correspondingly, we decompose the tensor fields and symmetry parameters 
of the theory according to this n + d split. For instance, the ten-dimensional frame field encoding 
the metric is written as 


= 




4 c 


(3.1) 


where (f) = det ((/)m“) and 7 = 7 ^. Here we employed a gauge fixing of the ten-dimensional 
Lorentz group SO(l,9) to SO(l,n — 1) x SO(d). We next perform an analogous decomposition 
of the remaining gauge symmetries, i.e., of the ten-dimensional diffeomorphisms 
and local Lorentz transformations parametrized by A“g, acting on the vielbein as 




(3.2) 


Specifically, we decompose the diffeomorphism parameter as 


e = ie, A™), 


(3.3) 


and refer to the diffeomorphisms generated by as ‘external’ and those generated by A™ as 
‘internal’. Inserting (3.1) into (3.2) we read off the following action of the internal diffeomor- 

^For the M-theory solution we refer the reader to [13]. 
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phisms, 


,5a0™“ = A^dnC^m" + dmA^ , (3.4) 

6aA^^ = d^A^ - A/5„A™ + A^dnA;^ . 

We will also use the notation Ca for the conventional Lie derivative of the purely internal space, 
acting in the standard fashion on tensors (of weight zero). Thus, the above transformations 
read 


hAc/ = £Ae/ + 7 dmA™ 6/,“ , 5 a(/> m" = /lA(/>m" , 

= d^A^ - Ca,A^ = d^A^ + CaA^^ . 


(3.5) 


Note that here we employ the convention in which the density term is not part of the Lie 
derivative. Analogously to the discussion in EFT, we can define derivatives and non-abelian 
field strengths that are covariant under these transformations. 


P™ ^ d^- Ca, -XdmA^^ , - [A^,A,] , (3.6) 

where A is the density weight, e.g., A = 7 for the external vielbein, and [ , ] the conventional 
Lie bracket. Sometimes we will use the notation D™ = ~ for the part of the covariant 

derivative without the density term.^ Specifically, for (3.4) we have 

25^6/ = - 75nA/ e/ , 

- A^^dn^Pm" - dmA^^^Pn'^ , (3.7) 

Z? m _ Am_^Am,_An^ Am, A Am 


Let US now turn to the external diffeomorphisms. These are obtained from (3.2) by inserting 
(3.1), switching on only the component, and adding the compensating Lorentz transformation 
with parameter A “/3 = —(jFcpp'^dmC 6 ;^“, which is necessary in order to preserve the gauge choice 
in (3.1). For instance, on the Kaluza-Klein vectors this yields 

+ s^eAr - A/^dn^Ar + m 

where G™"" = , and we specialized to n = 5, corresponding to the 5 + 5 split of type IIB 

that we will analyze momentarily. This gauge transformation can more conveniently be written 
in the form of ‘improved’ or ‘covariant’ diffeomorphisms by adding an internal diffeomorphism 
(3.4) with field-dependent parameter A™ = The gauge-field-dependent terms then 

organize into the covariant field strength in (3.7), 

6 ^A^^ = . (3.9) 

We infer that this is of the same structural form as the external diffeomorphism transformation 
of the EFT gauge vector in (2.18), and we will verify below that they can be matched precisely 

®We emphasize that this is introduced for purely notational convenience. In general, acting with is not 
a covariant operation. 
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upon picking the type IIB solution of the section constraint. Similarly, these improved external 
diffeomorphisms act on the internal and external vielbein as 




(3.10) 


again in structural agreement with the corresponding transformations (2.18) in EFT. 


Next, we inspect the algebra of diffeomorphisms under this decomposition. Since the internal 
diffeomorphisms (five-dimensional in the case we are interested in) act on the helds via standard 
Lie derivatives w.r.t. the internal space, see (3.4), they close according to the standard Lie 
bracket, 

[-5ai,-5aJ = ^2 = [A2,Ai]™ = A^4Ar-A^4A^. (3.11) 

This is embedded in the E-bracket algebra (2.8) by solving the section constraint and restricting 
to the hve ‘lowest components’ of the generalized diffeomorphism parameter. 

The mixed algebra between internal and external diffeomorphisms is straightforwardly com¬ 
puted in the form of improved diffeomorphisms (3.9), (3.10). In fact, in this form every term 
on the right-hand side of the gauge variation is covariant w.r.t. the Lie derivative C\, with all 
derivatives entering via covariant derivatives or held strengths.^ We thus compute, for instance, 
on the vector 

, (3.12) 

= e^TA^r + - Ca{S^A^^) . 

Here we used the covariance of the expressions in 5(^A^^. Thus, the terms in 44^ agree 
precisely with those in 44A, except that 4 being a parameter and not a held, is not varied in 
the former but appears under the Lie derivative in the latter. These correspond to the left-over 
terms that do not cancel and that can in turn be interpreted as external diffeomorphisms with a 
parameter ^ that is ‘rotated’ (with the opposite sign) by the internal diffeomorphisms. Hence, 
the gauge algebra is given by 

[4,4] = 4'> ■ (3.13) 

The same conclusion follows for the external and internal vielbein. This algebra is embedded 
in the corresponding part of the gauge algebra of EFT, see (2.56). 

Finally, we turn to the gauge algebra of external diffeomorphisms with themselves. Using 
again the improved diffeomorphisms (3.9), (3.10), an explicit computation shows 

[4h42] = 4i2 + '^Ai2 , (3.14) 

where 

A^s = (3-15) 

^The variation of the gauge vectors in (3.9) contains the partial derivative term , but 4 has to be viewed 
as a scalar w.r.t. internal diffeomorphisms, hence its partial derivative is a covariant vector. 
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This is of the same structural form as the corresponding part of the gauge algebra (2.71)^ and, 
together with our results below, implies that the full ten-dimensional diffeomorphism algebra 
is embedded in the gauge algebra of EFT. 


So far we discussed the decomposition of fields and symmetries for pure (Einstein) gravity, 
but in supergravity there are additional matter fields, typically with associated gauge symme¬ 
tries, which have to be decomposed similarly. Before turning to the specific field content of 
type IIB, let us consider a toy model, which exhibits already all essential features. We consider 
an abelian gauge vector (such as the RR one-form in type IIA) with gauge symmetries 

SBfi = df,x + + djiCBu , (3.16) 


for abelian parameter y. Next we decompose the components as in (3.1) and redefine 


(3.17) 

= B^-A^^Bm. 

(In terms of the notation introduced in sec. 4 this corresponds to the action with the ‘bar 
operator’, B B.) For these redefined fields the abelian gauge symmetry becomes 

5^B^ = = d^x-A;^dmX, 

(3.18) 

5-^Bm — SmX ) 

and for the diffeomorphisms 


^Bm — + dmC'By + C\Bm , 

6B^ = CkB^ + C^B^- , 


(3.19) 


where denotes the standard Lie derivative w.r.t. (with partial derivatives). Adding now 
field-dependent gauge transformations as above, with A™' = and y = By, this can 

be written more covariantly as 


(5^5^ = eVyB,r. = i'^idyB^- LAyB^-d^By) , (3.20) 


for the internal components, and as 

8i.B^ = eGy^-r'^G^^g^ydm^ , (3.21) 


where 

G^y = V^^By-V^^B^. (3.22) 

Note that due to the non-commutativity of covariant derivatives this is not an invariant field 
strength. Rather, G transforms as 


,5a,= A^dmG^^y - dmXF^y^ . (3.23) 

®It should be noted that, in general, in EFT there are higher-form transformations on the right-hand side 
of the gauge algebra, corresponding to the higher forms in the tensor hierarchy, which are not present here. 
As these are needed because of the anomalous ‘Jacobiator’ of the E-bracket, which vanishes on solutions of the 
section constraint, this is perfectly consistent with the embedding of the conventional diffeomorphism algebra. 
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We could define a fully y-invariant field strength by setting but it turns 

out that the match with EFT requires the (analogue of the) above form. In fact, in EFT a 
slightly more general notion of covariance is appropriate: the gauge parameters analogous to 
A™' and y will be components of the generalized diffeomorphism parameter , and the field 
strengths and correspond to components of the EFT field strength , so that 

transformations such as (3.23) originate from the covariant transformation governed by the full 
generalized Lie derivative of EFT, 

We finally note that it is straightforward to verify that the transformations (3.21) and 
(3.23) close according to the gauge algebras (3.13) and (3.15), encoding the full diffeomorphism 
algebra. Conversely, starting with component fields Bm, and gauge symmetries closing 
according to the above algebra (3.13), (3.15), we can reconstruct the form with manifest (say 
ten-dimensional) diffeomorphism invariance. 


3.2 Type IIB solution of section constraint 


We now turn to the specific solution of the section constraint that will be shown to lead to a 
formulation that is on-shell equivalent to type IIB supergravity. To this end we have to break 
Eg(g) to GL(5) X SL(2), embedding the residual group according to 

GL(5) X SL(2) c SL(6) x SL(2) c Eg(g) . (3.24) 

In this case, the fundamental and the adjoint representation of Eg(g) break as 

27 - ( 5 , 1)+4 + (5',2)+i + ( 10 , 1)_2 + ( 1 , 2)_5 , (3.25) 

78 - (5,l)_g + (10',2)_3 + (l + 15 + 20)o + (10,2)+3 + (5',l)+6, (3.26) 


with the subscripts referring to the charges under GL(1) GL(5). An explicit solution to 

the section condition (2.1) is given by restricting the dependence of all fields to the five 
coordinates in the (5, l)+ 4 . Explicitly, splitting the coordinates and the fundamental indices 
according to (3.25) into 

{yM} _ {y-, y--, , (3.27) 


with internal indices m, n = 1,..., 5 and SL(2) indices 0 = 1,2, the non-vanishing components 
of the d-symbol are given by 


jMNK 


dMNK 


^mn 

d, 




mn - 
kl ^ol(3 


jmn,kl,p _ 1 mnklp 


ka^lp _ 1 ^kl 0.(3 

^mn ^ 


dmn,kl,p y/40 ^^nnklp ,(3.28) 


jm _ 1 

^ na,l3 — ’ 

j na,0 _ 1 m a0 

and all those related by symmetry, = d^MNK) ^ particular, the GL(1) grading guar¬ 
antees that all components vanish. It follows that the section condition (2.1) indeed is 

solved by restricting the coordinate dependence of all fields according to 


{d^^A = 0 , dmnA = 0 , d'^A = 0} ^ A(x^,y^) ^ A(x^,y™). (3.29) 


Indeed, the section constraint then reduces to d^'^^dn 0 = 0, for which all relevant compo¬ 

nents of the d-symbol simply vanish. 


21 



3.3 Decomposition of EFT fields 


In this subsection we analyze various objects of EFT, e.g., the generalized metric and the gauge 
covariant curvatures, in terms of the component fields originating under the above decompo¬ 
sition of Eg( 0 ), together with their gauge symmetries. This sets the stage for our analysis in 
sec. 4, where we start from type IIB supergravity and perform the complete Kaluza-Klein de¬ 
composition in order to match it to the fields and symmetries discussed here. Thus, here we 
split tensor fields and indices according to (3.25)-(3.28), assuming the explicit solution (3.29) 
of the section condition. 

To begin, let us consider the p-form field content of the Eg(g) EFT under the split (3.25). 
This yields 


.A, 


M 


1 •^fjLkmni 


fiaS 


B 


fiu M 




IJ.U 


^ r? raoL 






, (3.30) 


where we have defined A^kmn = . However, the EFT Lagrangian actually depends 

on the two-forms only under certain derivatives. 


, 


(3.31) 


introducing an additional redundancy in the two-form field content, which will be important 
for the match with type IIB. As discussed above, the vector fields will be identified with 
the IIB Kaluza-Klein vector fields, which transform according to (3.4) and in particular close 
according to the standard Lie bracket of five-dimensional diffeomorphisms, see (3.11), embedded 
into the E-bracket (2.8). 

Let us now work out the general formulas of the Eg(g)-covariant formulation with (3.28) and 
imposing the explicit solution of the section condition (3.29) on all fields. We then obtain, by 
inserting (3.28) into (2.11), the following covariant field strengths of the different vector fields 
in (3.30), 


-pm 2(9r 4 4 ™ -I- 4 4 

^ 3^/2 8 

with the redefined two-forms 


T 

YLvma 

- A 

^au kmn 


^av a. 

- 2 D™ A 


- \/2A 


3 S[k^\fiu\ mn] ) 


B. 


flU 




[fi ^u]nl3 ? 




fiu mn 


B, 


koi 


fiiy 


— a/IO '^v\kmn ? 


(3.32) 


(3.33) 


Here all covariant derivatives are covariantized w.r.t. to the action of the 

five-dimensional internal diffeomorphisms reviewed above. The corresponding vector gauge 
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transformations, obtained from (2.15), are given by 


6A^ 


(I ma 




ma ^ma + 

ma ^ajS ^ 


^A^kfjin ^kmn “f d|^^..A|^| j^|q,| A„j^ ^ ^[k'^\fi\mn\ ) (3.34) 


with 


a _ /i ri" Q _ 0/9 An j _ /in" _1_ A ^ /I 

— V ro fc iV ^fin/3 ) ^fimn — v i-'J ^fimn “r Ji •^fj.kmn 


For the vector fields Ana we observe that its gauge variation contains the contribution 


(5^ 


fj, a 


• • • + £ 0/3 ^ 


(3.35) 


(3.36) 


This implies that it can entirely be gauged away by the tensor gauge symmetry associated 
with the two-forms . Consequently, it will automatically disappear from the Lagrangian 

upon integrating out dkBf^,^^^. The remaining two-form field strengths in turn come with gauge 
transformations 




= 2Df^ + O, 


a 

^fiiy 5 


6B 


fiu mn 


= 2d:, 


T ^ Aurna-^n/S^ T 


m'^fi na ^ 1 / 


CaB, 


'itumn -^[mlol + -^mnk 


^ J~ avma An/3 T ^(Mumn ; 


where 


O “ 

fjLU 


o 


liu mn 


= Vwo^ 
= Vwo 


a 

liv 5 


(3.37) 


(3.38) 


fiumn ' ^m 


dm.[2k^Bn 


na 




nk + \/2A 

Finally, the associated three-form field strengths are obtained from (2.13) and read 

>“4.]“+3£“'’VAi»?. 


n 


nj a 

^ VTot^^^p" ^ 

f 

'pup mn 

= \/ 10 T~Lpi/p mn 


— 3 D™ B 

— f^upmn 


(3.39) 


- ■^p kmn 


- 3^2 6 ^^ A^ynaD^Apn^ + 3^2 ^ umaSn^i 


pma^n*^up 


More precisely, this holds up to terms that are projected out from the Lagrangian under y- 
derivatives. The expressions on the r.h.s. in (3.37)-(3.39) are understood to be projected onto 
the corresponding antisymmetrizations in their parameters, i.e. [mn], [/m], [yi'p], etc. 

It is also instructive to give the component form of the Bianchi identities originating from 
(2.12) and (2.14). From the latter we obtain the components 




[pu per] n/3 


(3.40) 
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After a straightforward but somewhat tedious computation one finds 




^upa\ mn 


4 V 2 A 


P) U ^ 

pma^n ^upa 


_ _^ 77 ^ 77 _ 'F F 

^'^[pu '^pa]kmn OVt '^[pv \ma\'^pa] n0 


+ 3 V 2 dm (sap - 12 dm ( 

- 6V2 dm (a (Mna^ '^akjP] • 


T 

•J pu ^pcr kn 


(3.41) 


Again, the indices m, n and fi, v, p, a in here are totally antisymmetrized, which we did not 
indicate explicitly in order not to clutter the notation. 


Let us now move to the scalar field content of the theory. In the EFT formulation, they 
parametrize the symmetric matrix Mmn ■ We now need to choose a parametrization of this 
matrix in accordance with the decomposition (3.26). In standard fashion [58], we build the 
matrix as Mmn = (VV'^)MAf from a ‘vielbein’ V e Eg(g) in triangular gauge 


V 


__ klmnp ^ i 

exp S C.}^lmn^(^-\-6) p 


exp [ 6 mn“ i(+ 3 )«V 5 V 2 exp [4> t(o)] . 


(3.42) 


Here, t(o) is the Eg(g) generator associated to the GL(1) grading of (3.26), V 2 , V 5 denote matrices 
in the SL(2) and SL(5) subgroup, respectively, parametrized by vielbeins 1 ^ 2 , 1 ^ 5 . The t(+„) refer 
to the Eg(g) generators of positive grading in (3.26), with non-trivial commutator 


= (3.43) 

All generators are evaluated in the fundamental 27 representation (3.25), such that the sym¬ 
metric matrix Mmn takes the block form 


j. kl ± rti'i 
^(+3)a ^^(+3)/3 


Mkm 


^ -^^km 


•^^k,mn 


\ 

l\Aka 

jvi m 

j^ka,mP 

KAka 

mn 

J^ka,P 


■^kl,m 

Mkr^ 

-^kl^mn 



V M^m 

J\p[a,mP 

mn 


/ 


Explicit evaluation of (3.42) determines the various blocks in (3.44). For instance, 
■d^mn,kl = & ^ '^m\k^l\n T ^ ^mn Z71 q./3 ; 

while the components in the last line are given by® 


i ^mklpg ^ e5$/3 ^a/3 ^mklpq 


(3.44) 


(3.45) 


(3.46) 


with the symmetric matrix = {v 2 )^u{t^ 2 )^^ built from the SL(2) vielbein from (3.42). We 
will also need the following combinations of the matrix entries of AIma^ (that emerge after 
integrating out some of the fields). 


Mmn = Mmn - A1m“(A4"^) , (3.47) 

®The explicit expressions (3.46) and (3.48) for the matrix components of Mmn and Mmn correct some typos 
in equations (5.22) and (5.24), respectively, in the published version of [13]. 
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for which we find 


Mmn,ki = rn^[kmi]n , 

Mmn,k = mmumnv{ckpqr-Qeafibkp°'bg/^ , 

J^ma,np ^ + 2 6^^^^ m^P - 2 bki^bpq^ , (3.48) 

etc., with rUmn = (j^5)m“(j^5)n“- 

Next, we can work out the covariant derivatives of the various ‘scalar components’ of the 
generalized metric. Using (3.28) we find for the covariant derivatives of the matrix parameters 
in (3.44) 

D^ch = Z)™cl> + | 4 V> 

p,fklmn ~ Dfi TTlmn + 5 kTlmn > 

7-) !, a _ h “ _ r) A 

^p ^mn t ^\m-^n\l3 p > 

'^pCklmn ~ Dp Cplmn U ^[k-^lmn^p U f 2 a p ; (3.49) 

where we recall that Dp^ denotes the covariant derivatives w.r.t. Ap"^ (that below will be 
identihed with the Kaluza-Klein vector Ap'^) without the density terms, which here have been 
indicated explicitly, thereby dehning the weight of all fields. The form of these covariant 
derivatives implies in particular that we have the following gauge symmetries on these fields. 


(5<I> 

= /:A<h-|4A^ 

Suimn 

= C-IsJklmn 5 4A nimn ; 

Sh “ 

= jC.Abmn°‘ + , 

^^klmn 

^AC-klmn ^\k-^lmn\ 


(3.50) 


We close this section by giving some relevant formulas for the decompositions of various 
terms in the action upon putting the solution of the section constraint. The scalar kinetic term 
(2.21) yields 

^ DpMmnDPM^^ = Vp<^VP^ + i ^ VprrimnW'^ 


- Vpbmn'^VPbki^ 

- 4 e^'*’ VpCklmnVPCpqrsm^Pm^V^m^‘ 
4o 


(3.51) 


where we defined 


mn — fiC-kl mn + 12eap bki^Vph 


°‘T> b ^ 


(3.52) 
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The ‘scalar potential’ (2.25) takes the form 
F = 3 d[kb^nfdibpq^ 

+ ^ XuninpXqrsturn^‘^m '-'^+ F$(4^, d^rnmn) , (3.53) 

where the last term combines all contributions with the internal derivative acting on $ and 
^mn? and 


^klmnp — ^\k^lmnp\ • 

Finally, we give the topological term (2.23) in this parametrization, 


rk!, 


r — — ^(lupar kLmnp ( v ^ ap jr jr A j__7r T7 Q A 

■^top ^ pyma.'^ panp^rpkl ' Q piymnq-^ pa ^rklp 

/2 1 

_ A P) A oF ^ A 11 -\ _ f) n F ^ A 11 

2 ^ -^pmoL^n-^upp-^ pa ^rklq ' ^p^pumn^ pa -^rklq 

'\P^E ^ AA0jiQ dx)B(jY ki SpB^j^ki 


(3.54) 


I_ A P A 1 a A 1 B ^ A r) A i o A i D A r 

^ ^pma^n-^u kp^pl’y^p-^ar ^ ^ ^pma.^n^i/kp^pl'y^a^rpo 

F g dmBpup A(j na.Aq-klp D p^Bi/pmndpBo-j- ki 2 £«/? 'H^up^ Sk B(jr 


0{A^P) . 


(3.55) 


3.4 External diffeomorphisms 


Let us finally turn to the action of the external diffeomorphisms (2.18) under the type IIB 
decomposition. On the external vielbein e^“ this symmetry reduces to that found in the Kaluza- 
Klein decomposition in (3.10), because on scalar-densities such as e^“ and the gauge-covariant 
derivative of EFT simply reduces to the Kaluza-Klein covariant derivative w.r.t. Ap^. For the 
internal generalized metric Mmn the external diffeomorphism transformations on the various 
components in (3.44) are read off from (2.18), with the EFT covariant derivatives written out 
in (3.49). 

Next, we consider the external diffeomorphism transformations of the vector fields, which 
are more subtle due to the presence of the term involving the inverse of the generalized metric 
A4. From (3.46) we determine the relevant components of the matrix , 

^m,n ^ g4$/3 ^mn ^ 

Mma,^ = , 

Ad™”'"’ = -6e^^ . (3.56) 

This in turn determines the following gauge variations of the vector field components in (3.30), 


^^Ap^ = EV + M^’^gpudnE , 

S^Ap men ^ 'yprna F AAfna, •> 

= 2^mnkpq^ 'Jp^^ F 2^mnkpqAAP^^ 


(3.57) 
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with the field strengths given in (3.32). As a first check that EFT subjected to this solution of 
the section constraint is equivalent to type IIB supergravity, we infer from the first variation 
in here that has the same external diffeomorphism variation as the Kaluza-Klein vector, 
c.f. (3.9), 

, (3.58) 

therefore justifying the identification of both fields. Indeed, the fields strength components 
reduce to the Kaluza-Klein components see (3.32) and (3.7), and the metric-dependent 

terms coincide upon identifying 

which relates the matrix e SL(5) and the scale factor to the metric G™”" with dynamical 
determinant (fA. (This relation can be fixed, for instance, by noting with (3.50) that both 
sides transform in the same way under internal diffeomorphisms.) The precise match for the 
remaining vector field components will be the subject of the following sections. 


4 Type IIB supergravity and its Kaluza-Klein decomposition 

In this section, we review ten-dimensional IIB supergravity and bring it into the form that 
allows for a convenient translation of its field content into the various components of the EFT 
fields identified above. 


4.1 Type IIB supergravity 


Denoting ten-dimensional curved indices by /i, D,..., the type IIB field content is given by 

, rriap , , Cf,c,pa , a,/3 = l,2, (4.1) 

i.e., the zehnbein, the two SL(2)/SO(2) coset scalars parametrizing the symmetric SL(2) matrix 
niap, a doublet of 2-forms and a 4-form. The 2-forms combine RR 2-form and the NS B-field, 
with the abelian field strengths given by 


Fppp'^ = 3d[^C'p^]^ 


(4.2) 


The Chern-Simons (CS)-modified curvature of the 4-form is given in components by 

. = K p) n _ _;r/, r^r ^ /r -, /^ 

such that they satisfy the Bianchi identities 


(4.3) 


and transform as 


6 5[/iiCi2/i3A4A5A6] 2 -t“4A5A6]^ > 


5Cp,^ = 2d[^V]“, 

^Gppp^ ^^[A’^ppo'] ft ^ctA'^lA 


(4.4) 


(4.5) 
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under tensor gauge transformations. The IIB field equations have been constructed in [59-61]. 
They can be described by a pseudo-action which in our conventions is given by 

5 = J d^^x^/\G\ {R + 

_Lp.pAiA2A3A4A5'\ 14 6! 

_ — O eAi-Aio/^. , . . p, , . “p. . . A 

864 I '-^piP2P3M4-‘ P6P7P8 P8P9P10 > 

and which after variation of the fields has to be supplemented with the standard self-duality 
equations for the 5-form field strength 

p . = }-./\n\F . PA1A2A3A4A5 (A 7 ) 

-‘^fiupar \ pi/po-TPi 112(^3^ ’ \^-‘J 

with |G| = |det Gf^p\ = |det It is straightforward to verify that the integrability conditions 

of the self-duality equations together with the Bianchi identities (4.4) coincide with the second- 
order field equations obtained by variation of (4.6). Our SL(2) conventions can be translated 
into the SU(1,1)/U(1) conventions of [60], by combining the real components of the doublet 
into a complex F 

Fpup = Ffipfp +iFjipjp , (4.8) 

and parametrizing the symmetric SL(2) 

In terms of the complex combinations 

Gppp = /(F^pp - BFF^) , Pf, ^ fdf,B , with / = (1 - FF*)-V2 , ( 4 .IO) 

charged under the U(l) c SU(1,1), the kinetic terms of (4.6) translate into those of [60] with 

= -2F^pA , (4,11) 

In the following, we will perform the standard 5-1-5 Kaluza-Klein redefinitions of the IIB fields 
but keeping the dependence on all ten coordinates. 

4.2 Kaluza-Klein decomposition and field redefinitions 

We now split the the coordinates according to a 5 -I- 5 Kaluza-Klein decomposition into 

xA = (x^y™), (4.12) 

and similarly for the flat indices d = (a, a) . The n and a indices range from 0,... ,4 and 
respectively represent the curved and flat indices of what we will refer to as the external space. 


matrix map in terms of a complex scalar B as 

{l-B){l-B*) i{B-B*) \ 

i{B-B*) {1 + B){1 + B*) J 
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Similarly, the indices m and a range from 1,... ,5 and are associated with the internal space. 
After partial fixation of the Lorentz gauge symmetry, the vielbein may be brought into trian¬ 
gular form (3.1) 



0 ) ' 


(4.13) 


parametrized in terms of two 5 by 5 matrices e^- and 4>m— with cj) = det((/)m—), and the Kaluza- 
Klein vectors We stress again that all fields depend on all ten coordinates, such that we 

are still describing the full IIB theory. The result of the ten-dimensional Einstein-Hilbert term 
in the parametrization (4.13) has been given in [13] and in particular features the non-abelian 
Kaluza-Klein field strength 


p m 


= 2 - A^^dnAr + A^^dnA; 


(4.14) 


In order to describe the Kaluza-Klein decomposition of the p-forms, we introduce in standard 
Kaluza-Klein manner the projector . It converts 10-dimensional curved indices 

into 5-dimensional ones such that the resulting fields transform covariantly (i.e. according to 
the structure of their internal indices) under internal diffeomorphisms. We denote its action by 
a bar on the corresponding p-form components, 

C/i = P/i''Co , etc., (4.15) 


such that the IIB two- and four-form give rise to the components 


C CX 

m.n 


lA m 

a. 

fiiy 


C cx 
m.n 


C a _ A a 

fim -^(1 ^pm 5 


= - 2 A[/qp|,]“ + A/A,iC, 


a. 

PQ ’ 


Cmnkl Cmnkl •> 

C^nkl ~ C^Yikl , 

Cp^i/kl ~ CAu^Cpqp^i , 

C^upl = Cp^ypl - Ay'^C\pq\p^i - Ap^Ay'^Ap'^Cpqrl , 

C pi/pa — C pi/per 4^[/qp|.p.] 


' -C^tL -C^rr 


pqrs 


(4.16) 


The same redefinition applies to field strengths and gauge parameters. The redefined fields 
now transform covariantly under internal diffeomorphisms. Indeed, separating ten-dimensional 
diffeomorphisms into we find together with (4.5) 


^Cran°^ — + PhCn 


sc 


p m 


= Dl^Xm'^-dmK^+CKC^ 


pm ? 


(4.17) 


sc 


= 2Df^X,f + , 


pu 
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for the transformation behaviour of the redefined 2-forms under gauge transformations and 
internal diffeomorphisms. As in the previous section, derivatives are covariantized w.r.t. 
the action of internal diffeomorphisms, i.e. 

^ , etc.. (4.18) 


In contrast to H = 11 supergravity for which these redehnitions and covariant gauge transfor¬ 
mations have been explicitly worked out in [13], the presence of Chern-Simons terms in the IIB 
field strengths (4.3) requires a further redefinition for the components of the 4-form in order 
to establish the dictionary to the fields of EFT. This is related to the fact that tensor gauge 
transformations for the EFT p-forms that we have discussed in the previous section do not mix 
these forms with the scalar fields of the theory. This motivates the following and hnal field 
redefinition^ 


Cm mn — Cki mn t 

_ 2 _ _ ^ 

Cfj,kmn = Cfj^kmn f^mn] ) 




flU mn 


Cfj,i/mn g HU Cmn^ i 


(4.19) 




fii/pm 


c, 


pLVpU 


Cpupm g ^p] 

c 


m ) 


'pupa ■ 


For the components of the two-form etc., there is no further redefinition, so for simplicity 

of the notation, we will simply drop their bars in the following 


m.n — ^ n 


C Q: _ ^ (X 
/im — ^ fj,m 1 




(4.20) 


Although we have not seen the 3-form and the 4-form in the tensor hierarchy of the Eg(g) 
EFT, we will show later that it is possible to test their expressions by comparing the reduced 
Z1 = 10 self duality equations (4.7) to the first order duality equations (2.26) from EFT. The 
redefined 4-forms (4.19) continue to transform covariantly under internal diffeomorphisms with 
their total gauge transformations given by 


^^[m^nkl] T ^ T ^ACmnkl 7 

H kmn ~ Xkmn ‘^^\k^\p\mn\ T kmn 

T ^[m^k 7 

mn ^[p ^u]mn T ‘^^[m^n]pu T ^pu Xkmn T ^ACpumn 

+ T^a/? (-2d[„C'|^|„]"A,,'^ -h FHu[m°‘Xnf - A[m"d„] 


(4.21) 


We see that after the redefinitions (4.19), the variation of dC^kmu and SCnumn no longer 
carry any scalar fields Cmn'^ and are thus of the form to be matched with the helds and 

^Similar redefinitions have been discussed in [62] in order to recover part of the E6(6) tensor hierarchy structure 
from the IIB supersymmetry variations. 
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transformations of EFT. The field strengths appearing on the r.h.s. of (4.21) are the Kaluza- 
Klein field strength (4.14) and the modified three-form field strength 

7? “ = "p “ _ p “ 

liun — ^ iiun fiiy ^kn ? 

= , (4.22) 

again redefined such that the scalar contribution is split off. For completeness we also give the 
remaining components of the three-form field strength 


J? “ = 7? O! — Qpi o 

^kmn — ^ kmn '^^\_k^mri\ •> 


F, 


fi mn 


F„ 


= F 


{imn 




Q. _ ^ a 

fi ^mn ^^[m^\ij.\n] 


(4.23) 


= = 3Df^C,pf-3Fi,JC, 


p^Up ^p]/c ? 

as well as the properly redefined components of the five-form field strength, expressed in terms 
of the components (4.19) according to 

— c “I 

^ £«/3 ^ 


p 

^ mpqrs 

= F — 

— ^ mpqrs 

P 

^ ppqrs 

= F 

— ^ ppqrs 


— ^p ^pqrs 


J 


— Df^ Cpqrs 4d|jjC*|^|g^5] ^af}C[pq -|- £a/3C*[pg ^rC'lpIs] ) 


F 


pvkmn — 


^pvkmn T ^a^^^pulk C^mn] {Cpkmn C*|p|n] ) 


pupran 


2 Cv\kmn ‘^^[kC\pv\mn\ ^ct^^p[k ^mC^|iy|n]^ ; 
pupmn pup C^mn^ 




^uf^mn -^^[m^lpi^pln] "^^[pu ^pjfcn 


- o + CYp\ra\^Dj,Cp^J^) , 


pupam 


= F 


pupam 

4 F 1 |-^ C'l/po-Jm + SmCpupa + ^Ffuj^^C, 


[pu ^pa]pm 


F ^Q:/3-^[pp' C*p|m| ^ ^a^^[pu ^\m\^pa] F S(y^0 C*pm ^upa ? 


F, 


pupar 


Fp^p^r = 5Df^C,par] ” ^ C'.xr]"" ■ (4-24) 


4.3 External diffeomorphisms 

In the previous subsection we have decomposed the IIB fields according to a 5-1-5 Kaluza-Klein 
split (without giving up the dependence on the 5 internal coordinates) and spelled out their 
transformations under internal diffeomorphisms and tensor gauge transformations after suitable 
redefinitions of the various components. Before fully establish the dictionary to the fields in 
the EFT basis, we will in this section compute the behaviour of the redefined IIB fields under 
external diffeomorphisms q, whose parameter may in general also depend on all 10 coordinates. 
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Above, we have already discussed the transformation of the KK vector fields under external 
diffeomorphisms 

+ , (4.25) 

c.f. (3.9), which is in agreement with the EFT gauge vector transformations reduced to this 
component. Let us now test the remaining vector components from the IIB p-forms. For 
as redefined in (4.16), a straightforward calculation gives 

+ - A^^dneCum" + , (4.26) 

under external diffeomorphisms. The origin of the second term is the corresponding variation 
of the Kaluza-Klein vector (4.25) which enters the redefined fields in (4.16). As for the Kaluza- 
Klein vector field, it follows that the last three terms are eliminated by field dependent gauge 
transformations with parameters (parameter redefinition) 

A- = = -ec.m^ , A/ = -ra/ , (4.27) 

which render the action of the diffeomorphism manifestly gauge covariant. Together, the vari¬ 
ation takes the form 

src^m" = -cp-lG^^Cnm^g^^dkC . (4.28) 

Note in particular that the field strength entering this formula is the one defined in (4.22) which 
does not carry any scalar contributions. This is the form of the variation that we will be able 
to match with the corresponding variation for the fields in the EFT basis. 


Next let us consider the variation of the 4-form component G^^nk- After standard Kaluza- 
Klein redefinition (4.16), some straightforward calculation yields 


^(^G ^Ynnk ^ mnfc T 1 A^G ^mnk 


+4?r(e"C-mnfc) - 3d[„(rq.Hnfc]) + ^G^^ki 9 , (4.29) 


for the variation under external diffeomorphisms in terms of the redefined fields. In the first term 
we recognize the covariant field strength Fiyp^nnk from (4.24) up to its bilinear contributions. 
These will be completed once we consider the variation of the redefined four form 


^^GpjYijik ^^Gprnnk „ G^k]^ „ ^afiG 


(4.30) 


with the second term obtained via (4.28), and the third term carrying 


S^Gran" = A^Gmn'^ . (4.31) 

Combining all these contributions and supplementing the variation by the gauge transformations 
with parameters (4.27), we arrive at the final form 

^f'^Gprnnk = F^^rnnk + 4>~^G^^ [Cmnkl + g £a/3C'«[m“C'nA:] OtiuSpC ■ (4.32) 


In the next section, we will provide the complete dictionary between the Kaluza-Klein rede¬ 
fined fields of type IIB supergravity and the fundamental fields in the Fg(Q) EFT. In particular, 
matching the EFT equations against the IIB self-duality equations (4.7), we will explicitly 
reconstruct the remaining 4-form components Gfj,upm, Gpupa ■ 
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5 Embedding of type IIB into E6(e) Exceptional Field Theory 


In this section, we provide an explicit dictionary between the Kaluza-Klein redefined fields of 
type IIB supergravity and those of the -^6(6) exceptional field theory after picking solution (3.29) 
of the section constraint. We first show that the fundamental EFT fields can be identihed among 
the redefined IIB fields on a pure kinematical level by comparing the transformation behaviour 
under diffeomorphisms and gauge transformations. We then show that the equivalence also 
holds on the dynamical level by reproducing the IIB self-duality equations (4.7) from the EFT 
field equations. In particular, this will allow us to obtain explicit expressions for the remaining 
4-form components which do not show up among the fundamental EFT fields, 

but whose existence follows from the EFT dynamics. 


5.1 Kinematics 


Before identifying the details of the IIB embedding, let us first revisit the resulting field content 
of EFT after picking solution (3.29) of the section constraint. With the split (3.25), (3.26), the 
full p-form field content of the Eg(g) Lagrangian in this basis is given by (3.30) 


; kmn ? a} 




B 


pLV mni 


ma 


} 


(5.1) 


where, more precisely, the Lagrangian depends on the 2-forms only under certain contrac¬ 
tions with internal derivatives, c.f. (3.31). The EFT scalar sector is described by the fields 
parametrizing the Eg(g) generalized metric Mmn (3.44) 

1 TTljnn 1 ■! bmn iC-klmn} ■ (^•^) 


Comparing the index structure of these fields to the field content of the Kaluza-Klein decom¬ 
position of IIB supergravity given in the previous section allows to give a first qualitative 
correspondence between the two formulations. With the discussion of section 3.1 in mind, it 
appears natural to relate the field to the IIB Kaluza-Klein vector field and the 

scalars <h, rrimn, to the remaining components of the internal IIB metric (4.13). 

According to their index structure, the fields {bmn^, Af^ma, from (5.1), (5.2) will relate 

to the different components of the SL(2) doublet of ten-dimensional two-forms. Similarly the 
fields Ckimn, A^kmn, mn will translate into the components of the (self-dual) IIB four-form. 
The remaining fields descend from components of the doublet of dual six-forms. 

The two-form tensors B^^m that complete the two-forms in (5.1) into the full 27 B^^m of Eg(g) 
do not figure in the Eg(g) covariant Lagrangian. They represent the degrees of freedom on-shell 
dual to the Kaluza-Klein vector fields, i.e. descending from the ten-dimensional dual graviton. 

Recall that in the EFT formulation, all vector fields in (5.1) appear with a Yang-Mills 
kinetic term whereas the two-forms couple via a topological term and are on-shell dual to the 
vector fields. In order to match the structure of IIB supergravity, we will thus have to trade the 
Yang-Mills vector fields A^a for a propagating two-form B^^^. Let us make this more explicit. 
The a-component of the EFT duality equations (2.26) yields 

, (5.3) 
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(5.4) 


where we have introduced the index split 

{X^} — {X^,X^}. 

With the two-form fields entering on the l.h.s. of (5.3), this duality equation then 

allows to eliminate all B^y^^ from the Lagrangian. The gauge symmetry (3.36) shows that in 
the process, the vector fields also disappear from the Lagrangian.® We infer from (5.3) 
that the kinetic term for the remaining vector fields changes into the form 

e-'/lkin,! = . (5.6) 

with Mmn from (3.47). At the same time, the two-forms B^y^ are promoted into propagating 
fields with kinetic term 

e-'/:kin,2 = (5.7) 

After this dualization, the remaining field content thus is given by 

{ 4*, Ttlmn 1 bmn } , (5.8) 

with all except for the last field representing propagating degrees of freedom. In contrast, the 
two-form Bfj,ymn is related by a first order duality equation (2.26) to A^kmn, remnant of the 
IIB self-duality equations (4.7). In the following, we will make the dictionary fully explicit. 


5.2 Dictionary and match of gauge symmetries 


Having established the match of degrees of freedom between IIB supergravity and EFT upon 
choosing the IIB solution of the section condition, we can now make the map more precise 
by inspecting the gauge and diffeomorphism transformations on both sides. After Kaluza- 
Klein decomposition and redefinition of the IIB fields, as described in section 4.2, the resulting 
components turn out to be proportional to the EFT fields in their decomposition given in 
section 3.3 above. Specifically, comparing the variation of the EFT vector and two-form fields 
(3.34), (3.37), to the corresponding transformations in (4.17), (4.21), allows us to establish the 
dictionary 


A m _ A m 

C - — B 




p m(3 

v /2 


C (x _ vy (X 

pv — , 


v /2 


pumn 1 


C^kmn . A^ kmn „ ^mnkpq A^ 


pq 

P ’ 


(5.9) 


respectively. The corresponding gauge parameters translate with the same proportionality 
factors, and also the redefined IIB field strengths (4.22), (4.24) precisely translate into the EFT 
analogues 


rp m -p m 

P pu -P pv 


jp a 
^ pv m 


= 


pum^ 5 


piy kmn 


V2 


F, 


pu kmn 


(5.10) 


®Strictly speaking, equation (5.3) only holds up to an ^-dependent ‘integration constant’ C^^°‘{x), since it 
enters under ^-derivative. To fix this freedom, we have to combine the equation with the vector field equations, 

D. , (5.5) 

and the Bianchi identity (3.40), leaving us with = 0. In the following we will directly set = 0. 
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This dictionary may be further confirmed upon comparing the action of external diffeomor- 
phisms on both sides. Indeed, the variations calculated in (4.25), (4.28), (4.32) above, precisely 
reproduce the EFT transformation law (2.18) for the vectors , provided we identify the 
components of the scalar matrix (3.56) with the IIB fields according to 

= -26™„“, Cmnkl = -\cmnkl ■ (5.11) 

This last identification is precisely compatible with the gauge transformation behaviour (3.50) as 
compared to the scalar components of (4.17), (4.21). Let us also note, that with this dictionary 
the EFT covariant derivatives (3.49) for the scalar fields precisely translate into the components 
of the IIB field strengths 

'P) h OL _ _ .Ji "p “ 

2 fimn ? 

~ ^F'^klmn i (5T2) 


with 'Dfj^Ckimn from (3.52). Similarly, we have the identification 

^[fcQmnp] T 12£a/3&[A:Z ^mbnp\^ ~ A^klmnp ~ ~^Pklmnp ; (5.13) 

with Xkimnp from (3.54). 


We have thus identified the elementary EFT fields among the Kaluza-Klein components 
of the IIB fields. So far, the identification has been solely based on the matching of gauge 
symmetries on both sides. We will in the following show that the embedding of IIB into EFT 
also holds dynamically on the level of the equations of motion. 


5.3 Dynamics and reconstrnction of 3- and 4-forms 


In this section, we will show how the full IIB self-duality equations (4.7) follow from the EFT 
dynamics. Along the way, we will establish explicit expressions for the remaining components 
of the ten-dimensional 4-form, thereby completing the explicit embedding of the IIB theory. To 
begin with, it is useful to first rewrite the various components of the IIB self-duality equations 
in terms of the Kaluza-Klein decomposed fields introduced in section 4.2 above. With the IIB 
metric (4.13) given in term of the EFT fields as 


Gf,o = 


Qpy + (f)mn & rUkn A^^ 


e ^/‘^rUmkAy^ e 


the IIB self-duality equations (4.7) split into the following three components 

1 


F 


fiup mn 


12 


£^ypar£mnklp qrs , 


F 

F 


1 


_ 2 ^ j - 

fiupcrm 24^ ' 9 ^ pvpcTT ' "'mn 


nklpq pT 

inm.nA J- klpq i 


1 


fiupar 


— „lU‘3>/3 rpT, ST ^mnklp rp 

^ 2 q ^ Vi/ mnklp 


(5.14) 

(5.15) 

(5.16) 

(5.17) 


On the r.h.s. all external indices are raised and lowered with the metric g^y, and both e-symbols 
denote the numerical tensor densities. All explicit appearance of Kaluza-Klein vectors Ap™ from 
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(5.14) is absorbed in the redefined F’s. We will now reproduce these equations one by one from 
the EFT dynamics. 


Let us start from the \mn\ component of the EFT duality equations (2.26) which can be 
integrated to 


n 


mn 


o. 


mn pup 


1 
2 


^upar 




-M 


(5.18) 


where the O. 


mn pup 


keeps track of the integration ambiguity and satisfies 


^[k^mn]pvp 0 '■ C^mnpi/p — ^[mCn]pup (locally) . (5.19) 

Eliminating Tfj,ua on the r.h.s. of (5.18) by means of (5.3) turns M.mn into Mmn, such that 
upon using the explicit expressions (3.48), we obtain 




pup 


= p2#/3 


12 


e e^ypaT£mnkipm^‘^rnl-'’mP^ 


qrs 


n 


pup mn 


y/^EajSbmn 'fi-pup^ 


(5.20) 


with 


^uuklm — ^uuklm T 3\/2&[fc; ^\pu\rn\a + ^\/2£ap bn[k°‘bim]^ ^ Cklmn J^pu'^ ■ 


= 2 V2F 


pv klm 


(5.21) 


where the last identity is easily confirmed upon using the dictionary of field strengths (4.24), 
(5.10) and scalars (5.11). Together, the relation (5.20) then gives rise to 


F, 


pvpmn 


■ ^a/3 ^n 


a -p 13 
i ^ pup 


^ e £pupaTemnkipm’"'^rn^'’mP^ qrs , (5.22) 


and thus precisely reproduces (5.15) if we identify the 3-form component Cpupm from (4.19) as 




pup m 


- -hv^e 


m pup • 


(5.23) 


We have thus reproduced the first of the components of the IIB self-duality equations and along 
the way identified one of the missing components (5.23) of the IIB four-form, that is not among 
the fundamental EFT fields. It is defined by the first order differential equations (5.22) in terms 
of the EFT fields up to a gradient 


Cpupm *■ Cpi/pm T Sm^pup ; 
corresponding to a gauge transformation in the IIB theory. 


(5.24) 


Let us continue towards the other components (5.16), (5.17), of the self-duality relations. 
Consider the external curl of (5.18), which reads 

+ , (5.25) 

and use the Bianchi identity (3.41) to find 

4 dm (^D^p Cpa] n) = 6 Flp^^Fp^^ kmn + 3^2 Fip^ \ma\Fpa] n/3 

+ 4a/2 dm'H[pup'^ u\a]na “ e£p^p„x Dr^ (^Mmn,N 
- 3V2dm + 12 fcn) 

+ 6V2dm{e'^^A[plna\Fup^A^^k0') , (5.26) 
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where both, left and right hand side are supposed to be explicitly projected onto their part 
antisymmetric in [mn]. 

In order to simplify the second line, we make use of the equations of motion obtained by 
varying the Lagrangian (2.19) w.r.t. the vector fields Af/^^ and using the duality equation (5.3) 
in order to eliminate T^ua, 


0 


+ S[mA\y\n\af(-paT°' “ — \/2 -4,, [m|Q| ^n] 




pauper 


(V2 

\ 6 ' 


.a0 




lyp ma 


T 

^ n 


■ n /3 ^ A'l/p mnp 


T V ^ A P -JV ^ 

(TT + g •A.y^ra\a\ ('n] H-par 


.(5.27) 


Together we find for (5.26) 

A dm = -^V 2 eepyp„x dm {e^'^rrink 

- 3V2 dm (e^pBp^^dnBp/) + 12 dm [j^pu’^Bp^ kn) 

+ 6 V 2 dm [ApnaS'^^Tup’^A^k^) - 4^2 5^ (^pna^.pa") , (5.28) 


again, projected onto the antisymmetric part [mn]. The entire equation thus takes the form 
of an internal curl and can be integrated to 

-^V2eep^p„xe^^mnk'B^Cpqrse’^P‘^'"-^ = + 3V2eo^ 

- 12 F^^'^Bp^^ kn - 6 V 2 F[py^ Ap\na\A^] kjA 

+ 4:x/2 ApnaF-i/pa^ + Sn^pupa > (5.29) 


up to an internal gradient dn^pupa- Applying the dictionary (5.9), (5.10) to translate all fields 
into the IIB components, this equation becomes 


1 

M 


eep,p„xe^P<^^^e^‘^mnkF^ 


pqrs 


F 


pupa n 


- C, 


''pupa 


iV2e, 


pupa 


(5.30) 


i.e. reproduces equation (5.16), provided we identify the last missing component of the 4-form 
as 


C, 


pupa 


1 

8 


V 2 C 


pupa • 


(5.31) 


We have thus also reproduced the second component of the IIB self-duality equations and along 
the way identified the last missing components (5.31) of the IIB four-form, that is not among 
the fundamental EFT fields. It is defined by the first order differential equations (5.29) in terms 
of the EFT fields up to an additive function 


C, 


pupa 


a 


pupa 


A 


pupa 


(x) , 


(5.32) 
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which we will fix in the following. In order to find the last component (5.17) of the self-duality 
equations, we take the external curl of (5.29) 

^ ^"^pcrr] kn ^[k^parjn^ ^ct/5^n^[^zy^7^pcrr] 

- 2 V 2 Ea/S '^[^iyp“5|n|^(Tr]^ - 6 V2e"^7'[^j,^^p |no|-^crr] fc/3 

+ - 3V2dn 

+ , (5.33) 

which after using the equations of motion for Ckimn turns into a full internal gradient and can 
be integrated to the equation 

Lpar] + 3V2 ^ - 27-[^,'=epar] ^ X^lmup , 

(5.34) 

with X from (3.54), up to some y-independent function. The latter can be set to zero by 
properly fixing the freedom (5.32). After translating (5.34) into the IIB fields, we thus find 

r 7-)KK ^ _ .1^ c- 7^ OT-jKK^ p _ 1 fi TT ^ klmnp 10^/3^ 

^upar] ^ ^a/S^liyp ^ ut\ ^p(TT\k 120 ^ ^ klmnp • 

(5.35) 

Thereby we find the last missing component (5.17) of the IIB self-duality equation. We have 
thus shown that the full IIB self-duality equations (4.7) follow from the EFT dynamics, provided 
we identify by (5.23), (5.31) the remaining components of the IIB 4-form. Together with the 
dictionary established in section (5.2), this defines all the IIB fields in terms of the fundamental 
fields from EFT. 

5.4 Complementary checks 

We have in the preceding sections established the full dictionary between the IIB theory and the 
EFT fields upon choosing the explicit solution (3.29) of the section constraint. In particular, 
we have defined all the components of the IIB fields (4.1) in terms of the fundamental EFT 
fields and shown that the EFT dynamics implies the full IIB self-duality equations (4.7). Via 
integrability this also implies the IIB second order field equations for the 4-form. The remaining 
equations of motion of the IIB theory can be verified in a more straightforward manner, similar 
to the analogous discussion for the embedding of 74 = 11 supergravity [13], by using the explicit 
dictionary. 

As an example, let us collect the contributions to the kinetic terms for the IIB two-form 
doublet Cyp". According to their Kaluza-Klein decomposition, these contributions descend 
from different terms of the EFT Lagrangian: the kinetic terms (3.51), (5.6), (5.7), and the 
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scalar potential (3.53), giving rise to 


- ^ _ 3 g7$/3 rrio.^ . 

(5.36) 

Upon translating these fields into the IIB components via (5.10)-(5.12), the Lagrangian takes 
the form 

r ^ _ J_ ./jTU/^ Q Z? appmnp ov appumIS 

-^2—rorm ^^2 V 1^1 fimn ^ t o ± ^urn ^ 

where now all indices on the r.h.s. are raised and lowered with the full IIB metric (5.14). The 
result thus precisely agrees with the corresponding kinetic term of the IIB (pseudo-)action (4.6). 
Similarly, we find from collecting all the EFT contributions to the 5-form kinetic term 

A-form = + + 

which reproduces half of the components of the corresponding term in the pseudo-action (4.6), 
with the other half doubling the contribution due to the self-duality equations (4.7).® 


6 Generalized Scherk-Schwarz compactification 

The manifestly covariant formulation of EFT described in the previous sections has proven a 
rather powerful tool in order to describe consistent truncations by means of a generalization 
of the Scherk-Schwarz ansatz [63] to the exceptional space-time [39]. This relates to gauged 
supergravity theories in lower dimensions (in this case to D = 5 supergravities), formulated in 
the embedding tensor formalism. Via the explicit dictionary of EFT to D = 11 and type IIB 
supergravity, this ansatz then provides the full Kaluza-Klein embedding of various consistent 
truncations. 

The generalized Scherk-Schwarz ansatz in EFT is governed by a group-valued twist matrix 
U e Eg(g), depending on the internal coordinates, which rotates each fundamental group index. 
For instance, for the generalized metric the ansatz reads 

MMN(x,r) = [/m^(V) t/7V^(y) i%L(x) , (6.1) 

where Mmn becomes the Eg(g)-valued scalar matrix of five-dimensional gauged supergravity. 
This ansatz is invariant under a global Eg(g) symmetry acting on the underlined indices. Indeed, 
gauged supergravity in the embedding tensor formalism is covariant w.r.t. a global duality group 
(Eg(g) in the present case), although this is not a physical symmetry but rather relates different 

®Again, it is important that the self-duality equation (4.7) is to be used in the pseudo-action (4.6) only after 
deriving the field equations by variation. Strictly speaking, our proof of equivalence holds on the level of the 
field equations. 
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gauged super gravities to each other. In addition to the group valued twist matrix, consistency 
requires that we also introduce a scale factor p, depending only on the internal coordinates, for 
fields carrying a non-zero density weight A, for which the ansatz contains p~^^. We thus write 
the general reduction ansatz for all bosonic fields of the Eg(g) EFT (1.2) as [39] 

Mmn{x,Y) = UmHy)UnHy)Mi^{x) , 

9fMiy{x,Y) = p~‘^{Y)gf,^{x) , 

A^^{x,Y) = p-\Y)A^^x){U-^)N^{Y) , 

B^,m{x,Y) = p-\Y)UM^{Y)Bf,,N{x) . ( 6 . 2 ) 

We will call the above ansatz consistent if the twist matrix U and the function p factor 
out of all covariant expressions in the action, the gauge transformations or the equations of 
motion. If this is established, it follows that the reduction is consistent in the strong Kaluza- 
Klein sense that any solution of the lower-dimensional theory can be uplifted to a solution of 
the full theory, with the uplift formulas being (6.2). Let us explain the required consistency 
conditions for the gauge transformations under internal generalized diffeomorphisms, for which 
the gauge parameter is subject to the same ansatz as the one-form gauge field, 

K^{x,Y) = p"\Y){U-^)n^{Y)A^x) . (6.3) 

We start with the field that transforms as a scalar density of weight A = |. Consistency of 
the ansatz (6.2) requires that under gauge transformations we have 

^k9i,u{x,Y) = p~‘^{Y)5Kg,i,u{x) , (6.4) 

where the expression for is E-independent and can hence consistently be interpreted as 

the gauge transformation for the lower-dimensional metric. The variation on the left-hand side 
yields, upon insertion of (6.3), 

^K9^iv ~ ^ (^N9fJ,i' T 3 9^iv 

= p~^{U-^)k^ A.^dN{p~'^%t,u)+ ldN{p~^{U~^)K^)A.^p~‘^g^y (6.5) 

= lp-^[dN{U^^)K^ p-^^Np\A^E^.u . 

If we now demand that 

Sn{U~^)^ - p~^dNP = Sp'&i^, ( 6 . 6 ) 

where -dx is constant, then the ansatz (6.4) is established with 

SAg^,y = 2A—(6.7) 

This corresponds to a gauging of the so-called trombone symmetry that rescales the metric and 
the other tensor fields of the theory with specific weights. Here, 9k is the embedding tensor 
component for the trombone gauging, as introduced in [64]. An important consistency condition 
is that (6.6) is a covariant equation under internal generalized diffeomorphisms. Treating the 


40 



(inverse) twist matrix as a vector of weight zero, its divergence dN{U~^)^ (recalling that the 
underlined index is inert) is not a scalar. Indeed, a quick computation with (2.6) using the 
section constraint shows that it transforms as a scalar density of weight A = — |, except for the 
following anomalous term in the transformation 

= -^dN{d-K){U-^)M!' ■ ( 6 . 8 ) 

This contribution is precisely cancelled by the anomalous variation of the second term in (6.6), 
provided p is a scalar density of weight \{p) = —Then both sides of (6.6) are scalar densities 
of weight A = — I and the equation is gauge covariant. 

Let us now turn to the consistency conditions required for fields with a non-trivial tensor 
structure under internal generalized diffeomorphisms, as the generalized metric. In parallel to 
the above discussion we require that the twist matrices consistently factor out, i.e. 

5kMmn{x,Y) = UmHy)UnHy)^aMkl{x) . (6.9) 

Using the explicit form of the gauge transformations given by generalized Lie derivatives (2.6) 
one may verify by direct computation that this leads to consistent gauge transformations 

5kM^{x) = 2A%) (0i“ + |PK(t“)L^) (tc.)(M-M^)p(x) , (6.10) 

provided we assume the consistency conditions 

[{U-^)M^{U-^)KdKUL%^^ = ip0M“(to)iV^, (6.11) 

where the constant Qm^ is the embedding tensor encoding conventional (i.e. non-trombone) 
gaugings, and the left-hand side is projected onto the 351 sub-representation. Specifically, 
writing the derivatives of U in terms of 

^ = TM“(tc.)iV-, (6.12) 

where we used that since U is group valued, U~^dU is Lie algebra valued (in the indices iV, K), 
so that we can expand it in terms of generators as done in the second equality, the projector 
acts as (c.f. eq. (4.13) in [65]), 

= (1P35i)m“— p 

, , (6.13) 

= -g — 6 (t“)p— (t/3)M— -I- I (t“)M— {t/3)p_— . 

Also the condition (6.11) is covariant under internal diffeomorphisms. This can be explicitly 
verified in the same way as the covariance of the torsion tensor (2.36), which lives in the same 
representation. Let us emphasize that solving the consistency equations (6.6) and (6.11) for U 
and p in general is a rather non-trivial problem. It would be important to develop a general 
theory for doing this, which plausibly may require a better understanding of large generalized 
diffeomorphisms, as in [66-69]. 

The consistency conditions (6.6) and (6.11) can equivalently be encoded in the structure of 
a ‘generalized parallelization’, see [70]. To this end, the twist matrix U and the scale factor p 
are combined into a vector of non-zero weight, 

(C/-1)m^ ^ p-^{U-^)M^ . (6.14) 
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Since p carries weight — | this is a generalized vector of weight the same as for the gauge 
parameter, so that the generalized Lie derivative w.r.t. U~^ is well-defined. Both consistency 
conditions (6.6) and (6.11) can then be encoded in the single manifestly covariant equation 


— 


K ’ 


(6.15) 


with Xmn — constant and related to the D = 5 embedding tensor as 

Xmn— = (0 m“ + I (ict)iV— - , 

as we briefly verify in the following. In particular, equation (6.15) implies that 

Lf>-i p = -'&MP ■ 

The left-hand side of (6.15) reads 


+ kdp{U-^)M^ ([/-i)-^ 


N 


(6.16) 


(6.17) 


(6.18) 


Expressing this in terms of U and p, writing the derivatives of U in terms of (6.12), and 
multiplying both sides by Ur—, a quick computation yields 


^K— = —p n^a)iV—— 6(t“)p—(t/3)M—— 5/5 ^ XpM— 

+ (^6(f“)w—(ia)M—(C7 ”^)q'^ — I 5n^p~‘^ dpp . 


(6.19) 


Next, the form of the projector (6.13) onto the 351 allows us to rewrite the terms in parenthesis 
in the first line of (6.19). One finds 


= -f>p-\x^^^^^ + \p~UN^{dp{u-^)M^p-^dpp) 

- I p~^{ta)^{t^)^{dp{U~^)Q^ - ‘i(U~^)Q^ p~^dpp) . 


Finally inserting (6.6) and (6.11), we obtain 

Uk^ (L^-i - I {toc)N^{nM^dQ , 


( 6 . 20 ) 


( 6 . 21 ) 


which implies (6.16) for the structure constants defined in (6.15), thereby verifying the equiva¬ 
lence with (6.6), (6.11). 

It is straightforward to verify that subject to (6.15), the gauge transformations of all bosonic 
fields in (6.2) reduce to the correct gauge transformations in gauged supergravity. Let us 
illustrate this for a vector of generic weight A, for which the Scherk-Schwarz ansatz reads 


V^{x,Y) = p-^^{U-^)N^{Y)V^{x) = p-^^+\U^^)N^{Y)V^{x) . (6.22) 


42 



Using (6.15) and (6.17), its gauge transformation then takes the form 
SaV^ = L^^^-i(y9-3^+i(U-i)^^)U^ 

= ((-3A + 1) (L^-i p)p-^^ 000^) (6.23) 

= ((3A - l)A^r9xU^- , 

from which we read off, inserting (6.16), 

(5a UA = -A^{QK^ + ^^p{r)K0itc.)L-V^ + 3XA^i}KV^. (6.24) 

This is the expected transformation in gauged supergravity with general trombone gauging and 
in particular is compatible with (6.10) and (6.7) for A = 0 and A = |, respectively. As the 
covariant derivatives and field strengths are defined in terms of generalized Lie derivatives (or 
its antisymmetrization, the E-bracket), it follows immediately that also these objects reduce 
‘covariantly’ under Scherk-Schwarz, e.g., 

V^gyp{x,Y) = p~‘^ {dp - A0'&Ar) gup , (6.25) 

VpMmn{x, Y) = Um-Un^ (dpM^ - 2Ap^ (0l“ + | % {t^)i0) {tc.)(M-MN)p) ■ 

In addition, the covariant two-form field strength reduces consistently, 

Fp0{x,Y) = p-\U00^ Fp,0x) , (6.26) 

with the D = 5 covariant field strength Fpy^ given by 

Fp,^ ^ 2d[pA,0 + Xi^^A[p^A,0 + d^X^^Bp,N, (6.27) 

and similarly for the three-form curvature. Finally, one can verify that internal covariant deriva¬ 
tives Vm; whose connection components are only partially determined in terms of the physical 
fields, reduce covariantly under Scherk-Schwarz reduction for those contractions/projections 
that are fully determined. To this end one may start from the vielbein postulate that relates 
the Christoffel-type connections to the USp(8) valued ‘spin-connections’ and use the covariant 
constraints that determine projections of the Christoffel connection, e.g., the generalized tor¬ 
sion constraint (2.36). The latter then determines, via (6.11), the corresponding projections 
of the spin connection in terms of the embedding tensor. The general analysis proceedes in 
complete parallel to the discussion in [39]. In particular, with the geometric definition (2.49) 
of the curvature scalar, which is independent of undetermined connections, it follows that the 
potential reduces consistently and thus yields the scalar potential of five-dimensional gauged 
supergravity, whose form is uniquely determined by supersymmetry. 

Let us finally discuss the fermions ipp^ and which transform under the local Lorentz 
group USp(8) and are scalar densities of weight | and — g, respectively. Accordingly, the 
Scherk-Schwarz ansatz simply reads 

^Pp\x,Y) = p-kY)^Pp\x), 0 Hx,Y) = pkY)0 Hx). (6.28) 

Note in particular that the ansatz does not involve a ‘rotation’ of the USp(8) indices by Killing 
spinors, in contrast to conventional Kaluza-Klein compactifications. This is in accord with the 
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fact that such a rotation is a USp( 8 ) transformation, which in the context of EFT is a gauge 
symmetry, and so would correspond to a deformation that is pure gauge and hence irrelevant. 
By the above discussion, the supersymmetry variations (2.53), (2.54) reduce consistently under 
Scherk-Schwarz. In particular, the terms in the fermion variations of (2.53) depending on the 
internal covariant derivatives Viw', whose connection components are fully determined, reduce 
to the projections of the embedding tensor (more precisely, the ‘flattened’ embedding tensor 
often referred to as the ‘T-tensor’) that determine the tensors Ai and A 2 defining the fermion 
shifts in gauged supergravity. 

To summarize, the reduction ansatz (6.2), (6.28) describes a consistent truncation of Eg( 0 ) 
EFT to a D = 5 maximal gauged supergravity, provided the twist matrices satisfy the con¬ 
sistency conditions ( 6 . 6 ) and (6.11). It is intriguing, that the match with lower-dimensional 
gauged supergravity, does in fact not explicitly use the section constraint (provided the initial 
scalar potential is written in an appropriate form) [25,39,45]. Formally this allows to reproduce 
all D = 5 maximal gauged supergravities, and it is intriguing to speculate about their possible 
higher-dimensional embedding upon a possible relaxation of the section constraints that would 
define a genuine extension of the original supergravity theories. For the moment it is probably 
fair to say that our understanding of a consistent extension of the framework is still limited. 
If on the other hand the twist matrices U do obey the section constraint (2.1), the reduction 
ansatz (6.2), (6.28) translates into a consistent truncation of the original D = 11 or type IIB 
supergravity, respectively, depending on to which solution of the section constraint the twist 
matrices U belong. With the explicit dictionary between EFT and the original supergravities, 
given above for type IIB and in [13] for D = 11 supergravity, the simple factorization ansatz 
( 6 . 2 ), (6.28) then translates into a highly non-linear ansatz for the consistent embedding of the 
lower-dimensional theory. 


7 Summary and Outlook 

We have reviewed the Eg(g) exceptional field theory and established the precise embedding of 
ten-dimensional type IIB supergravity upon picking the corresponding solution of the section 
constraint. Given that, as shown here, the resulting theory admits the full ten-dimensional dif- 
feomorphism invariance, maximal supersymmetry and the global SL(2,R) S-duality invariance, 
its equivalence to type IIB supergravity is guaranteed on general grounds. It is nevertheless 
useful to work out the explicit embedding. We have done so in this review by first matching 
the gauge symmetries on both sides. On the type IIB supergravity side, this requires a number 
of field redefinitions, which are largely analogous to those needed in conventional Kaluza-Klein 
compactifications. On the exceptional field theory side, this requires a suitable parametriza- 
tion of the Eg(g) valued ‘27-bein’. We have then given the explicit dictionary from the various 
components of the IIB fields to the EFT fields after solving the section constraint. We also 
established the on-shell equivalence of both theories and in particular showed how the three- 
and four-forms of type IIB, originating from components of the self-dual four-form in ten di¬ 
mensions, are reconstructed on-shell in exceptional field theory in which these fields are not 
present from the start. 
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Having determined the precise embedding of type IIB into Eg(g) exceptional field theory, we 
can use the results of [39] on generalized Scherk-Schwarz compactifications in exceptional field 
theory to give the explicit embedding of various consistent Kaluza-Klein truncations of type 
IIB. The details will appear in [52]. In particular, this establishes the Kaluza-Klein consistency 
of AdSs X in type IIB and, more importantly, gives the precise embedding formulas. This 
requires the precise interplay between various identities whose validity appears somewhat mirac¬ 
ulous from the point of view of conventional geometry but which find a natural interpretation 
within the extended geometry of exceptional field theory. 
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